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Yi(1)� Yi(0) = 1

<latexit sha1_base64="+uQ3sxdOdEq7LET+FFL7NQqyVAg="></latexit>

Fundamental Problem of  Causal Inference

4

do(T = 1)

<latexit sha1_base64="PeOKuh2RY/b2tuD2rOSag28FZ40="></latexit>

do(T = 0)

<latexit sha1_base64="+Rktm3TlQFEu8Sf2KZ4iNZT7NFc="></latexit>

Causal effect
Yi(0) = 0

<latexit sha1_base64="WfpAwrSe3NbrWyeSl211kioycO4="></latexit>

Yi(1) = 1

<latexit sha1_base64="BchGElSW5YZ4EvU3clhKDxkkCzM="></latexit>

: observed treatment
: observed outcome
: used in subscript to denote a

specific unit/individual
: potential outcome under treatment
: potential outcome under no treatment

T

<latexit sha1_base64="BVSS1cv+/BiNF1N0SRQkUw3wzFI="></latexit>

Y

<latexit sha1_base64="JQUulebzr/RKdwE8rIO+42c18YA="></latexit>

i

<latexit sha1_base64="35LYrIzCBcqde2ZQomHOlJF5E8s="></latexit>

Yi(1)

<latexit sha1_base64="/d+scwbDPiu9WShO9FsrOFq50c4="></latexit>

Yi(0)

<latexit sha1_base64="ilQ7lU+ssqi5Nob1MokD7r3y8Ug="></latexit>
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Counterfactual:
<latexit sha1_base64="4CMBJKtzM2gzxDZ61/z0DuX68ao="></latexit>

P (Y (t) | T = t0, Y = y0)

Counterfactuals
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Counterfactual:

observation

<latexit sha1_base64="4CMBJKtzM2gzxDZ61/z0DuX68ao="></latexit>

P (Y (t) | T = t0, Y = y0)

Counterfactuals
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Counterfactual:

observation

<latexit sha1_base64="4CMBJKtzM2gzxDZ61/z0DuX68ao="></latexit>

P (Y (t) | T = t0, Y = y0)

Counterfactuals

6

hypothetical condition
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Counterfactual:

Different from CATE:

observation

<latexit sha1_base64="4CMBJKtzM2gzxDZ61/z0DuX68ao="></latexit>

P (Y (t) | T = t0, Y = y0)

Counterfactuals

6

<latexit sha1_base64="fLfT15enJ6H5GVklPn8BN+RWbrE="></latexit>

E[Y (t) | X = x] = E[Y | do(t), X = x]

hypothetical condition
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Counterfactual:

Different from CATE:

Cannot express counterfactuals using do-notation

observation
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Given: Observation of  (T, Y) (observation of  potential outcome Y(t) 
where t is the observed value of  T)

Main ingredient necessary: correct parametric model for the structural 
equation for Y
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Roadmap for Computing Counterfactuals
Given: Observation of  (T, Y) (observation of  potential outcome Y(t) 
where t is the observed value of  T)

Main ingredient necessary: correct parametric model for the structural 
equation for Y

Result: access to counterfactuals Y(t’) at the unit-level

7Counterfactuals Basics



Brady Neal / 25

Computing Counterfactuals: Simple Example
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Y: happy or unhappy (1 or 0)
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Computing Counterfactuals: Simple Example
Y: happy or unhappy (1 or 0)
T: get a dog or don’t (1 or 0)
U: unobserved variable describing the individual (1 if  dog person; 0 if  anti-dog person)
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Computing Counterfactuals: Simple Example
Y: happy or unhappy (1 or 0)
T: get a dog or don’t (1 or 0)
U: unobserved variable describing the individual (1 if  dog person; 0 if  anti-dog person)

SCM:

8

<latexit sha1_base64="sP+W5Ab4hhTmllKufSmtQwKPrZo="></latexit>

T := . . .

Y := UT + (1� U)(1� T )
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Computing Counterfactuals: Simple Example
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Computing Counterfactuals: Simple Example
Y: happy or unhappy (1 or 0)
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Yu(1)?
Step 1: Solve for U
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Computing Counterfactuals: Simple Example
Y: happy or unhappy (1 or 0)
T: get a dog or don’t (1 or 0)
U: unobserved variable describing the individual (1 if  dog person; 0 if  anti-dog person)
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Yu(1)?
<latexit sha1_base64="byS3DFAjfaS2lB04sVJrbVA8Ro8="></latexit>
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<latexit sha1_base64="NL0t4UNq9WfyHsPdvKMI3uQ19os="></latexit>

T := . . .

Y := (1)T + (1� 1)(1� T )

Computing Counterfactuals: Simple Example
Y: happy or unhappy (1 or 0)
T: get a dog or don’t (1 or 0)
U: unobserved variable describing the individual (1 if  dog person; 0 if  anti-dog person)
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Computing Counterfactuals: Simple Example
Y: happy or unhappy (1 or 0)
T: get a dog or don’t (1 or 0)
U: unobserved variable describing the individual (1 if  dog person; 0 if  anti-dog person)

SCM:

8

Observation: T = 0 and Y = 0
<latexit sha1_base64="sP+W5Ab4hhTmllKufSmtQwKPrZo="></latexit>
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Y := UT + (1� U)(1� T )
<latexit sha1_base64="byS3DFAjfaS2lB04sVJrbVA8Ro8="></latexit>
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0 = U(0) + (1� U)(1� 0)

0 = 1� U

U = 1

<latexit sha1_base64="NL0t4UNq9WfyHsPdvKMI3uQ19os="></latexit>

T := . . .
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<latexit sha1_base64="kTHtR9LRMs91te/sq+RjhAmwoeM="></latexit>

T := . . .
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0 = U(0) + (1� U)(1� 0)

0 = 1� U

U = 1

<latexit sha1_base64="byS3DFAjfaS2lB04sVJrbVA8Ro8="></latexit>

Y = UT + (1� U)(1� T )

0 = U(0) + (1� U)(1� 0)

0 = 1� U

U = 1
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Computing Counterfactuals: Simple Example
Y: happy or unhappy (1 or 0)
T: get a dog or don’t (1 or 0)
U: unobserved variable describing the individual (1 if  dog person; 0 if  anti-dog person)

SCM:

8

Observation: T = 0 and Y = 0
<latexit sha1_base64="sP+W5Ab4hhTmllKufSmtQwKPrZo="></latexit>

T := . . .

Y := UT + (1� U)(1� T )
<latexit sha1_base64="byS3DFAjfaS2lB04sVJrbVA8Ro8="></latexit>

Y = UT + (1� U)(1� T )

0 = U(0) + (1� U)(1� 0)
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Computing Counterfactuals: Simple Example
Y: happy or unhappy (1 or 0)
T: get a dog or don’t (1 or 0)
U: unobserved variable describing the individual (1 if  dog person; 0 if  anti-dog person)

SCM:

8
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General Steps for Deterministic Counterfactuals

From Chapter 4 of  Pearl et al. (2016)’s Primer:
1. Abduction: Use an observation to determine the value of  U
2. Action: Modify the SCM, by replacing the structural equation for T 

with T := t
3. Prediction: Use the value of  U from step 1 and the modified SCM 

from step 2 to compute the value of  Y(t)

9Counterfactuals Basics
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Question:
Given the observation T = 1 and Y = 0, compute 
Y(0) for this individual given the following SCM:

<latexit sha1_base64="Cu67tLdXINAxNYEboNZOA81sdrY="></latexit>

T := . . .

Y := UT + (1� U)(1� T )
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determine counterfactuals with probability 1

What if  we can’t solve for U (function that maps U to Y for a fixed value 
of  T isn’t invertible)?
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<latexit sha1_base64="/SK5IIZdAjochaa7e3H0JdxeF7w="></latexit>

Y :=

8
>>><

>>>:

1 U = always happy

0 U = never happy

T U = dog-needer

1� T U = dog-hater

Structural equation for Y:Example:
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Non-Invertible Example
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Y :=

8
>>><

>>>:

1 U = always happy

0 U = never happy

T U = dog-needer

1� T U = dog-hater

Observation: T = 1 and Y = 0

Structural equation for Y:

Counterfactuals Basics



Brady Neal / 25

Non-Invertible Example

12

<latexit sha1_base64="/SK5IIZdAjochaa7e3H0JdxeF7w="></latexit>

Y :=

8
>>><

>>>:

1 U = always happy

0 U = never happy

T U = dog-needer

1� T U = dog-hater

Observation: T = 1 and Y = 0

Structural equation for Y:

<latexit sha1_base64="bR0l3IB3lA3Osve21SW2hBv7OWE="></latexit>

(Yu(1) = 0)
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Y :=

8
>>><

>>>:

1 U = always happy

0 U = never happy
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Observation: T = 1 and Y = 0
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P (U = never happy | T = 1, Y = 0) =
0.2

0.2 + 0.1
=

2

3

P (U = dog-hater | T = 1, Y = 0) =
0.1

0.2 + 0.1
=

1

3

<latexit sha1_base64="bR0l3IB3lA3Osve21SW2hBv7OWE="></latexit>
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3
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From Chapter 4 of  Pearl et al. (2016)’s Primer:
1. Abduction: Use an observation Z to update the distribution of  U:   

P(U | Z)
2. Action: Modify the SCM, by replacing the structural equation for T 

with T := t
3. Prediction: Use the the updated distribution of  U step 1 and the 

modified SCM from step 2 to compute the distribution of  Y(t)
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No Unit-Level Counterfactuals without 
Parametric Model
Main ingredient necessary for computing counterfactuals: 
parametric model for the structural equation for Y
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No Unit-Level Counterfactuals without 
Parametric Model
Main ingredient necessary for computing counterfactuals: 
parametric model for the structural equation for Y

Strong assumption

Without it, we are stuck with the fundamental problem of  causal 
inference.

14Counterfactuals Basics



Question:
Given the observation T = 1 and Y = 1, compute 
Y(0) for this individual given the following SCM 
and prior:

<latexit sha1_base64="/SK5IIZdAjochaa7e3H0JdxeF7w="></latexit>

Y :=

8
>>><

>>>:

1 U = always happy

0 U = never happy

T U = dog-needer

1� T U = dog-hater

<latexit sha1_base64="FoSdOXE5EMTzGrTNysavbmC+YPw="></latexit>

P (U = always happy) = 0.3

P (U = never happy) = 0.2

P (U = dog-needer) = 0.4

P (U = dog-hater) = 0.1
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Population-Level Doesn’t Require a Parametric Model
Population-level counterfactual: 

16

<latexit sha1_base64="SYYdSgdt3A7S0d/pOJUafMGhWKo="></latexit>

E[Y (t) | T = t0]

Counterfactuals Basics



Brady Neal / 25

Population-Level Doesn’t Require a Parametric Model
Population-level counterfactual: 

Just like we were able to identify the ATE                         
nonparametrically (using just the causal graph), we can do the same with 
population-level counterfactual quantities, if  they are identifiable

16

<latexit sha1_base64="SYYdSgdt3A7S0d/pOJUafMGhWKo="></latexit>

E[Y (t) | T = t0]

<latexit sha1_base64="5fuE181ORSz5GwzYYzptnmDHjxw="></latexit>

E[Y (1)� Y (0)]
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Population-Level Doesn’t Require a Parametric Model
Population-level counterfactual: 

Just like we were able to identify the ATE                         
nonparametrically (using just the causal graph), we can do the same with 
population-level counterfactual quantities, if  they are identifiable

Same with CATEs:

See Malinsky et al. (2019)’s potential outcome calculus (generalization of  
do-calculus) for general identification of  counterfactual quantities

16
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18

Get dog

Walk 
more

HappinessMore 
friends

Indirect effect

“Direct effect”
How can we measure 
the direct effect?

Important Application: Mediation
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Controlled Direct Effect (CDE)

19

<latexit sha1_base64="OfK0ns+KKjjc/m4Cn5/Ghal1nM4="></latexit>

T

M

Y

Important Application: Mediation
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<latexit sha1_base64="sbpqejjz+mm29RE0sPZcAMtsExA="></latexit>

T

M

Y

<latexit sha1_base64="fbGmkiykYAwbP5VirVVkqAFfS38="></latexit>

E[Y | do(T = 1),M = m]� E[Y | do(T = 0),M = m]
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T

M

Y
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E[Y | do(T = 1,M = m)]� E[Y | do(T = 0,M = m)]

<latexit sha1_base64="fbGmkiykYAwbP5VirVVkqAFfS38="></latexit>

E[Y | do(T = 1),M = m]� E[Y | do(T = 0),M = m]

Important Application: Mediation
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E[Yt,m] , E[Y | do(T = t,M = m)]
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Show that                             , 
where                                     . 
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Comparison of  Controlled vs. Natural Mediation

CDE can always be measured via experiments (do-operator), but it has no 
clear undirect effect since there is no decomposition

NDE cannot always be measured via experiments since it is counterfactual, 
but it allows for the complete decomposition of  the total effect into the 
NDE and NIE, which is what we’d like in mediation analysis

22Important Application: Mediation
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X
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⇥ P (M = m | T = 0,W = w)P (W = w)
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E[Y | do(T = t,M = m),W = w]
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Important Application: Mediation



Question:
Come up with your own example of  mediation 
and the corresponding graph. Then, determine 
whether you can identify the NDE and NIE 
from observational data.
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Path-Specific Effects
Measure causal effects along arbitrary path or set of  paths in the causal 
graph

See “Identifiability of  Path-Specific Effects” (Avin et al., 2005)

25Important Application: Mediation

https://ftp.cs.ucla.edu/pub/stat_ser/r321-ijcai05.pdf

