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What is a cause?

A variable X is said to be a cause of  a variable Y if  
Y can change in response to changes in X.
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Causal edges assumption
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In a directed graph, every parent is a direct cause 
of  all its children.

Bayesian networks and causal graphs
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DAG      +
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<latexit sha1_base64="mAJ/0ECxCjEPPgZsvNd+BueTDr8="></latexit>

X1 X2

<latexit sha1_base64="SMxI858ic6j1iB+6u8slMx7NBq8="></latexit>

Two nodes: or
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Graphical building blocks

18

Chain

X1 X2 X3

<latexit sha1_base64="gdBRLR1cDnTJHmNS4mSpfP1KcKg="></latexit>

X1 X2

<latexit sha1_base64="mAJ/0ECxCjEPPgZsvNd+BueTDr8="></latexit>

X1 X2

<latexit sha1_base64="SMxI858ic6j1iB+6u8slMx7NBq8="></latexit>

Two nodes: or
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Graphical building blocks

18

Chain Fork

X2

X1 X3

<latexit sha1_base64="PKsa4I9CLOTSgVPbhmIY41Iw7z8="></latexit>

X1 X2 X3

<latexit sha1_base64="gdBRLR1cDnTJHmNS4mSpfP1KcKg="></latexit>

X1 X2

<latexit sha1_base64="mAJ/0ECxCjEPPgZsvNd+BueTDr8="></latexit>

X1 X2

<latexit sha1_base64="SMxI858ic6j1iB+6u8slMx7NBq8="></latexit>

Two nodes: or
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Graphical building blocks

18

Chain Fork

X1

X2

X3

<latexit sha1_base64="j56l+BkZBCAkQQBD62a1TQy/gIA="></latexit>

X2

X1 X3

<latexit sha1_base64="PKsa4I9CLOTSgVPbhmIY41Iw7z8="></latexit>

X1 X2 X3

<latexit sha1_base64="gdBRLR1cDnTJHmNS4mSpfP1KcKg="></latexit>

X1 X2

<latexit sha1_base64="mAJ/0ECxCjEPPgZsvNd+BueTDr8="></latexit>

X1 X2

<latexit sha1_base64="SMxI858ic6j1iB+6u8slMx7NBq8="></latexit>

Immorality

Two nodes: or
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Question:
What assumption tells us that X1 and X2
are associated, given the following graph?

X1 X2

<latexit sha1_base64="OFku4N065IrcmY6PeUpgE9VCCFw="></latexit>
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Chains and forks: dependence

20

X1 X2 X3

<latexit sha1_base64="p+paP62jjcy8I1BzOr/2ycZSPls="></latexit>
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Chains and forks: dependence

20

X1 X2 X3

<latexit sha1_base64="jjd1teug5n+Sp+vNOLMxyQLErPc="></latexit>

association
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Chains and forks: dependence

20

X1 X2 X3

<latexit sha1_base64="jjd1teug5n+Sp+vNOLMxyQLErPc="></latexit>

X2

X1 X3

<latexit sha1_base64="4F433qNbQRZw3jponA5pNDOpygg="></latexit>

association
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Chains and forks: dependence

20

X1 X2 X3

<latexit sha1_base64="jjd1teug5n+Sp+vNOLMxyQLErPc="></latexit>

X2

X1 X3

<latexit sha1_base64="GWbbXnQWBEaH+KzF5TWYjMweOqY="></latexit>

association

association
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Chains and forks: independence

21

X1 X2 X3

<latexit sha1_base64="jjd1teug5n+Sp+vNOLMxyQLErPc="></latexit>

X2

X1 X3

<latexit sha1_base64="GWbbXnQWBEaH+KzF5TWYjMweOqY="></latexit>

association

association
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X2X1 X3

<latexit sha1_base64="riJiQia8QKO/6CWE7QcCVOSeD80="></latexit>

Chains and forks: independence

21

X2

X1 X3

<latexit sha1_base64="GWbbXnQWBEaH+KzF5TWYjMweOqY="></latexit>

association

association
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X2

X1 X3

<latexit sha1_base64="ssb+dimSEIaS2r4qtRYnAXW3Qso="></latexit>

X2X1 X3

<latexit sha1_base64="riJiQia8QKO/6CWE7QcCVOSeD80="></latexit>

Chains and forks: independence

21

association

association
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X2

X1 X3

<latexit sha1_base64="ssb+dimSEIaS2r4qtRYnAXW3Qso="></latexit>

X2X1 X3

<latexit sha1_base64="riJiQia8QKO/6CWE7QcCVOSeD80="></latexit>

Chains and forks: independence

21

association

association

blocked path blocked path
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Chains and forks: independence

21

X1 X2 X3

<latexit sha1_base64="jjd1teug5n+Sp+vNOLMxyQLErPc="></latexit>

X2

X1 X3

<latexit sha1_base64="GWbbXnQWBEaH+KzF5TWYjMweOqY="></latexit>

association

association

unblocked path unblocked path
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Proof  of  conditional independence in chains

22

X2X1 X3

<latexit sha1_base64="riJiQia8QKO/6CWE7QcCVOSeD80="></latexit>
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Proof  of  conditional independence in chains
Goal: show

22

X2X1 X3

<latexit sha1_base64="riJiQia8QKO/6CWE7QcCVOSeD80="></latexit>

P (x1, x3 | x2) = P (x1 | x2)P (x3 | x2)

<latexit sha1_base64="QXPWHG5I0Q7gPP2c6TI9cihyOwg="></latexit>
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Proof  of  conditional independence in chains
Goal: show

22

X2X1 X3

<latexit sha1_base64="riJiQia8QKO/6CWE7QcCVOSeD80="></latexit>

P (x1, x3 | x2) = P (x1 | x2)P (x3 | x2)

<latexit sha1_base64="QXPWHG5I0Q7gPP2c6TI9cihyOwg="></latexit>

1. Bayesian network factorization:
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Proof  of  conditional independence in chains
Goal: show

22

X2X1 X3

<latexit sha1_base64="riJiQia8QKO/6CWE7QcCVOSeD80="></latexit>

P (x1, x3 | x2) = P (x1 | x2)P (x3 | x2)

<latexit sha1_base64="QXPWHG5I0Q7gPP2c6TI9cihyOwg="></latexit>

1. Bayesian network factorization: P (x1, x2, x3) = P (x1)P (x2|x1)P (x3|x2)

<latexit sha1_base64="AaufpYlP1bhSK5zcmx1aCuqkgFw="></latexit>
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Proof  of  conditional independence in chains
Goal: show

22

X2X1 X3

<latexit sha1_base64="riJiQia8QKO/6CWE7QcCVOSeD80="></latexit>

P (x1, x3 | x2) = P (x1 | x2)P (x3 | x2)

<latexit sha1_base64="QXPWHG5I0Q7gPP2c6TI9cihyOwg="></latexit>

1. Bayesian network factorization:

2. Apply Bayes’ rule:

P (x1, x2, x3) = P (x1)P (x2|x1)P (x3|x2)

<latexit sha1_base64="AaufpYlP1bhSK5zcmx1aCuqkgFw="></latexit>

P (x1, x3 | x2) =
P (x1)P (x2|x1)P (x3|x2)

P (x2)

<latexit sha1_base64="bKRekE04GQuvVs5v0tU5keB2rE8="></latexit>
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Proof  of  conditional independence in chains
Goal: show

22

X2X1 X3

<latexit sha1_base64="riJiQia8QKO/6CWE7QcCVOSeD80="></latexit>

P (x1, x3 | x2) = P (x1 | x2)P (x3 | x2)

<latexit sha1_base64="QXPWHG5I0Q7gPP2c6TI9cihyOwg="></latexit>

1. Bayesian network factorization:

2. Apply Bayes’ rule:

P (x1, x2, x3) = P (x1)P (x2|x1)P (x3|x2)

<latexit sha1_base64="AaufpYlP1bhSK5zcmx1aCuqkgFw="></latexit>

P (x1, x3 | x2) =
P (x1)P (x2|x1)P (x3|x2)

P (x2)

<latexit sha1_base64="bKRekE04GQuvVs5v0tU5keB2rE8="></latexit>
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Proof  of  conditional independence in chains
Goal: show

22

X2X1 X3

<latexit sha1_base64="riJiQia8QKO/6CWE7QcCVOSeD80="></latexit>

P (x1, x3 | x2) = P (x1 | x2)P (x3 | x2)

<latexit sha1_base64="QXPWHG5I0Q7gPP2c6TI9cihyOwg="></latexit>

1. Bayesian network factorization:

2. Apply Bayes’ rule:

P (x1, x2, x3) = P (x1)P (x2|x1)P (x3|x2)

<latexit sha1_base64="AaufpYlP1bhSK5zcmx1aCuqkgFw="></latexit>

P (x1, x3 | x2) =
P (x1)P (x2|x1)P (x3|x2)

P (x2)

<latexit sha1_base64="bKRekE04GQuvVs5v0tU5keB2rE8="></latexit>
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Proof  of  conditional independence in chains
Goal: show

22

X2X1 X3

<latexit sha1_base64="riJiQia8QKO/6CWE7QcCVOSeD80="></latexit>

P (x1, x3 | x2) = P (x1 | x2)P (x3 | x2)

<latexit sha1_base64="QXPWHG5I0Q7gPP2c6TI9cihyOwg="></latexit>

1. Bayesian network factorization:

2. Apply Bayes’ rule:

3. Apply Bayes’ rule again:

P (x1, x2, x3) = P (x1)P (x2|x1)P (x3|x2)

<latexit sha1_base64="AaufpYlP1bhSK5zcmx1aCuqkgFw="></latexit>

P (x1, x3 | x2) =
P (x1)P (x2|x1)P (x3|x2)

P (x2)

<latexit sha1_base64="bKRekE04GQuvVs5v0tU5keB2rE8="></latexit>
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Proof  of  conditional independence in chains
Goal: show

22

X2X1 X3

<latexit sha1_base64="riJiQia8QKO/6CWE7QcCVOSeD80="></latexit>

P (x1, x3 | x2) = P (x1 | x2)P (x3 | x2)

<latexit sha1_base64="QXPWHG5I0Q7gPP2c6TI9cihyOwg="></latexit>

1. Bayesian network factorization:

2. Apply Bayes’ rule:

3. Apply Bayes’ rule again:

P (x1, x2, x3) = P (x1)P (x2|x1)P (x3|x2)

<latexit sha1_base64="AaufpYlP1bhSK5zcmx1aCuqkgFw="></latexit>

P (x1, x3 | x2) =
P (x1)P (x2|x1)P (x3|x2)

P (x2)

<latexit sha1_base64="bKRekE04GQuvVs5v0tU5keB2rE8="></latexit>

P (x1, x3 | x2) =
P (x1, x2)

P (x2)
P (x3|x2)

= P (x1|x2)P (x3|x2)

<latexit sha1_base64="ffkzZVdzCQhagq3biXMvb3iREWM="></latexit>
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Proof  of  conditional independence in chains
Goal: show

22

X2X1 X3

<latexit sha1_base64="riJiQia8QKO/6CWE7QcCVOSeD80="></latexit>

P (x1, x3 | x2) = P (x1 | x2)P (x3 | x2)

<latexit sha1_base64="QXPWHG5I0Q7gPP2c6TI9cihyOwg="></latexit>

1. Bayesian network factorization:

2. Apply Bayes’ rule:

3. Apply Bayes’ rule again:

P (x1, x2, x3) = P (x1)P (x2|x1)P (x3|x2)

<latexit sha1_base64="AaufpYlP1bhSK5zcmx1aCuqkgFw="></latexit>

P (x1, x3 | x2) =
P (x1)P (x2|x1)P (x3|x2)

P (x2)

<latexit sha1_base64="bKRekE04GQuvVs5v0tU5keB2rE8="></latexit>

P (x1, x3 | x2) =
P (x1, x2)

P (x2)
P (x3|x2)

= P (x1|x2)P (x3|x2)

<latexit sha1_base64="ffkzZVdzCQhagq3biXMvb3iREWM="></latexit>

P (x1, x3 | x2) =
P (x1, x2)

P (x2)
P (x3|x2)

= P (x1|x2)P (x3|x2)

<latexit sha1_base64="ffkzZVdzCQhagq3biXMvb3iREWM="></latexit>
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Proof  of  conditional independence in forks

Your turn J
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Immoralities

24

X1

X2

X3

<latexit sha1_base64="bA1vOIcDhc0LU+2kEJ4FhHPVTFU="></latexit>
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Immoralities

24

X2

X1 X3

<latexit sha1_base64="ijsQ+DvJHcj1STrnRi7dE02ScEA="></latexit>

blocked path
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Immoralities

24

X2

X1 X3

<latexit sha1_base64="ijsQ+DvJHcj1STrnRi7dE02ScEA="></latexit>

collider

blocked path
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Immoralities

24

X2

X1 X3

<latexit sha1_base64="ijsQ+DvJHcj1STrnRi7dE02ScEA="></latexit>

collider

P (x1, x3) =
X

x2

P (x1, x2, x3)

=
X

x2

P (x1)P (x3)P (x2 | x1, x3)

= P (x1)P (x3)
X

x2

P (x2 | x1, x3)

= P (x1)P (x3)

<latexit sha1_base64="tkR/YMsVXeyJaupzva80mAvAn2U="></latexit>

blocked path
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Immoralities

24

X2

X1 X3

<latexit sha1_base64="ijsQ+DvJHcj1STrnRi7dE02ScEA="></latexit>

collider

P (x1, x3) =
X

x2

P (x1, x2, x3)

=
X

x2

P (x1)P (x3)P (x2 | x1, x3)

= P (x1)P (x3)
X

x2

P (x2 | x1, x3)

= P (x1)P (x3)

<latexit sha1_base64="tkR/YMsVXeyJaupzva80mAvAn2U="></latexit>

blocked path

P (x1, x3) =
X

x2

P (x1, x2, x3)

=
X

x2

P (x1)P (x3)P (x2 | x1, x3)

= P (x1)P (x3)
X

x2

P (x2 | x1, x3)

= P (x1)P (x3)

<latexit sha1_base64="tkR/YMsVXeyJaupzva80mAvAn2U="></latexit>
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Immoralities

24

X2

X1 X3

<latexit sha1_base64="ijsQ+DvJHcj1STrnRi7dE02ScEA="></latexit>

collider

P (x1, x3) =
X

x2

P (x1, x2, x3)

=
X

x2

P (x1)P (x3)P (x2 | x1, x3)

= P (x1)P (x3)
X

x2

P (x2 | x1, x3)

= P (x1)P (x3)

<latexit sha1_base64="tkR/YMsVXeyJaupzva80mAvAn2U="></latexit>

blocked path

P (x1, x3) =
X

x2

P (x1, x2, x3)

=
X

x2

P (x1)P (x3)P (x2 | x1, x3)

= P (x1)P (x3)
X

x2

P (x2 | x1, x3)

= P (x1)P (x3)

<latexit sha1_base64="tkR/YMsVXeyJaupzva80mAvAn2U="></latexit>

P (x1, x3) =
X

x2

P (x1, x2, x3)

=
X

x2

P (x1)P (x3)P (x2 | x1, x3)

= P (x1)P (x3)
X

x2

P (x2 | x1, x3)

= P (x1)P (x3)

<latexit sha1_base64="tkR/YMsVXeyJaupzva80mAvAn2U="></latexit>
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Immoralities

24

X2

X1 X3

<latexit sha1_base64="ijsQ+DvJHcj1STrnRi7dE02ScEA="></latexit>

collider

P (x1, x3) =
X

x2

P (x1, x2, x3)

=
X

x2

P (x1)P (x3)P (x2 | x1, x3)

= P (x1)P (x3)
X

x2

P (x2 | x1, x3)

= P (x1)P (x3)

<latexit sha1_base64="tkR/YMsVXeyJaupzva80mAvAn2U="></latexit>

blocked path

P (x1, x3) =
X

x2

P (x1, x2, x3)

=
X

x2

P (x1)P (x3)P (x2 | x1, x3)

= P (x1)P (x3)
X

x2

P (x2 | x1, x3)

= P (x1)P (x3)

<latexit sha1_base64="tkR/YMsVXeyJaupzva80mAvAn2U="></latexit>

P (x1, x3) =
X

x2

P (x1, x2, x3)

=
X

x2

P (x1)P (x3)P (x2 | x1, x3)

= P (x1)P (x3)
X

x2

P (x2 | x1, x3)

= P (x1)P (x3)

<latexit sha1_base64="tkR/YMsVXeyJaupzva80mAvAn2U="></latexit>

P (x1, x3) =
X

x2

P (x1, x2, x3)

=
X

x2

P (x1)P (x3)P (x2 | x1, x3)

= P (x1)P (x3)
X

x2

P (x2 | x1, x3)

= P (x1)P (x3)

<latexit sha1_base64="tkR/YMsVXeyJaupzva80mAvAn2U="></latexit>
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Immoralities: conditioning on the collider

25

X2

X1 X3

<latexit sha1_base64="ijsQ+DvJHcj1STrnRi7dE02ScEA="></latexit>

blocked path
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Immoralities: conditioning on the collider

25

X2

X1 X3

<latexit sha1_base64="50asm3XYjk2lTGNJ0xVqCIasUKc="></latexit>

unblocked path
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Example: good-looking men are jerks

26

X2

X1 X3

<latexit sha1_base64="50asm3XYjk2lTGNJ0xVqCIasUKc="></latexit>
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Example: good-looking men are jerks

26

X1 =

(
1 good-looking

0 otherwise

<latexit sha1_base64="HeFX0zcVezyxX4BVeiXhloxAgiM="></latexit>

X2

X1 X3

<latexit sha1_base64="50asm3XYjk2lTGNJ0xVqCIasUKc="></latexit>

The basic building blocks of  graphs



Brady Neal / 35

Example: good-looking men are jerks

26

X1 =

(
1 good-looking

0 otherwise

<latexit sha1_base64="HeFX0zcVezyxX4BVeiXhloxAgiM="></latexit>

X3 =

(
1 kind

0 jerk

<latexit sha1_base64="f6URPxn2+0hb77qn/qcxhcPTVPU="></latexit>

X2

X1 X3

<latexit sha1_base64="50asm3XYjk2lTGNJ0xVqCIasUKc="></latexit>

The basic building blocks of  graphs



Brady Neal / 35

Example: good-looking men are jerks

26

X1 =

(
1 good-looking

0 otherwise

<latexit sha1_base64="HeFX0zcVezyxX4BVeiXhloxAgiM="></latexit>

X3 =

(
1 kind

0 jerk

<latexit sha1_base64="f6URPxn2+0hb77qn/qcxhcPTVPU="></latexit>

X2 = X1 AND X3 =

(
1 in relationship

0 not in relationship

<latexit sha1_base64="TZcfoNx3Vt2ujwp6lKqBUSpyuHM="></latexit>

X2

X1 X3

<latexit sha1_base64="50asm3XYjk2lTGNJ0xVqCIasUKc="></latexit>

X2 = X1 AND X3 =

(
1 in relationship

0 not in relationship

<latexit sha1_base64="TZcfoNx3Vt2ujwp6lKqBUSpyuHM="></latexit>
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Example: good-looking men are jerks

26

X1 =

(
1 good-looking

0 otherwise

<latexit sha1_base64="HeFX0zcVezyxX4BVeiXhloxAgiM="></latexit>

X3 =

(
1 kind

0 jerk

<latexit sha1_base64="f6URPxn2+0hb77qn/qcxhcPTVPU="></latexit>

X2 = X1 AND X3 =

(
1 in relationship

0 not in relationship

<latexit sha1_base64="TZcfoNx3Vt2ujwp6lKqBUSpyuHM="></latexit>

X2 = X1 AND X3 =

(
1 in relationship

0 not in relationship

<latexit sha1_base64="TZcfoNx3Vt2ujwp6lKqBUSpyuHM="></latexit>

X2

X1 X3

<latexit sha1_base64="50asm3XYjk2lTGNJ0xVqCIasUKc="></latexit>

X2 = X1 AND X3 =

(
1 in relationship

0 not in relationship

<latexit sha1_base64="TZcfoNx3Vt2ujwp6lKqBUSpyuHM="></latexit>
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Good-looking men are jerks scatterplot

27The basic building blocks of  graphs
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Good-looking men are jerks scatterplot
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Good-looking men are jerks scatterplot
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