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2(b� a)

Recall trivial bound:
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No-assumptions interval length:
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a� b  E[Y (1)� Y (0)]  b� a

Trivial length limit: 
<latexit sha1_base64="xDUWc/MYNypUpJO9sx67/fWnYkY="></latexit>

2(b� a)

Recall trivial bound:

No-assumptions interval length:
<latexit sha1_base64="n+16VmBiHMgfmUjdepzMWj9en4Q="></latexit>

(1� ⇡) b+ ⇡ b� ⇡ a� (1� ⇡) a = b� a
<latexit sha1_base64="n+16VmBiHMgfmUjdepzMWj9en4Q="></latexit>

(1� ⇡) b+ ⇡ b� ⇡ a� (1� ⇡) a = b� a

Bounds: No-Assumptions Bound
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Plugging these in to the no-assumptions bound:
<latexit sha1_base64="HbJtj2tsaFvjiI4eMSWUKiAZIAs="></latexit>

E[Y (1)� Y (0)]  (.3)(.9) + (1� .3)(1)� (.3)(0)� (1� .3)(.2)

E[Y (1)� Y (0)] � (.3)(.9) + (1� .3)(0)� (.3)(1)� (1� .3)(.2)
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Bounds: No-Assumptions Bound



Questions:
1. What kind of  bounds can we get on the ATE if  the 

potential outcomes are unbounded?
2. Assuming bounded potential outcomes, how much 

smaller of  an interval can we get than the trivial interval 
[a – b, b – a]?

3. Re-derive the Observational-Counterfactual 
Decomposition.

4. Derive a more general no-assumptions bound where 
<latexit sha1_base64="OKXTAo1N/HuabFZWDTvYkrPCPOA="></latexit>

a1  Y (1)  b1 and a0  Y (0)  b0 .
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<latexit sha1_base64="k7MAJGIU+MLxQVWTVSGao7w9rMU="></latexit>

8i Yi(1) � Yi(0)Assume treatment always helps. Mathematically,
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8i Yi(1) � Yi(0)
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Intuitively, the ATE lower bound should raise up to 0 too
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E[Y (1)� Y (0)] � 0

Assume treatment always helps. Mathematically,
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E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= 0

<latexit sha1_base64="4hprTbdz8WVJZ1uOc2M2KYZHpfM="> </latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= 0

(Observational-Counterfactual 
Decomposition)

<latexit sha1_base64="4hprTbdz8WVJZ1uOc2M2KYZHpfM="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= 0

<latexit sha1_base64="yGObIJ1fSaPoUnu8LyzuvXARKkI="></latexit>

�E[Y (0) | T = 1] � �E[Y (1) | T = 1] = �E[Y | T = 1]

Assume treatment always helps. Mathematically,

Bounds: Monotone Treatment Response
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Nonnegative Monotone Treatment Response (MTR)

14

<latexit sha1_base64="k7MAJGIU+MLxQVWTVSGao7w9rMU="></latexit>

8i Yi(1) � Yi(0)

Means every ITE is nonnegative, so ITE lower bound comes up from a – b to 0
Intuitively, the ATE lower bound should raise up to 0 too

<latexit sha1_base64="JsGVuWfln6Und8WBFwah2VbJN/k="></latexit>

E[Y (1)� Y (0)] � 0

<latexit sha1_base64="4hprTbdz8WVJZ1uOc2M2KYZHpfM="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= 0

Proof:

<latexit sha1_base64="Hov6kO8KBesbhq2/+bffS7dv/tk="></latexit>

E[Y (1) | T = 0] � E[Y (0) | T = 0] = E[Y | T = 0]
<latexit sha1_base64="Hov6kO8KBesbhq2/+bffS7dv/tk="></latexit>

E[Y (1) | T = 0] � E[Y (0) | T = 0] = E[Y | T = 0]

<latexit sha1_base64="yGObIJ1fSaPoUnu8LyzuvXARKkI="></latexit>

�E[Y (0) | T = 1] � �E[Y (1) | T = 1] = �E[Y | T = 1]

<latexit sha1_base64="4hprTbdz8WVJZ1uOc2M2KYZHpfM="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= 0

<latexit sha1_base64="4hprTbdz8WVJZ1uOc2M2KYZHpfM="> </latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= 0

<latexit sha1_base64="4hprTbdz8WVJZ1uOc2M2KYZHpfM="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= 0

<latexit sha1_base64="4hprTbdz8WVJZ1uOc2M2KYZHpfM="> </latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= 0

(Observational-Counterfactual 
Decomposition)

<latexit sha1_base64="4hprTbdz8WVJZ1uOc2M2KYZHpfM="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= 0

<latexit sha1_base64="yGObIJ1fSaPoUnu8LyzuvXARKkI="></latexit>

�E[Y (0) | T = 1] � �E[Y (1) | T = 1] = �E[Y | T = 1]

Assume treatment always helps. Mathematically,

Bounds: Monotone Treatment Response
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Running Example: Nonnegative MTR

15

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

Bounds: Monotone Treatment Response
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Running Example: Nonnegative MTR

15

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83

Bounds: Monotone Treatment Response
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Running Example: Nonnegative MTR

15

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

<latexit sha1_base64="JsGVuWfln6Und8WBFwah2VbJN/k="></latexit>

E[Y (1)� Y (0)] � 0Nonnegative MTR lower bound:

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83

Bounds: Monotone Treatment Response
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Running Example: Nonnegative MTR

15

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

<latexit sha1_base64="JsGVuWfln6Und8WBFwah2VbJN/k="></latexit>

E[Y (1)� Y (0)] � 0Nonnegative MTR lower bound:

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83

Combining MTR lower bound with no-assumptions upper bound:
<latexit sha1_base64="X3OY3o8+SIhIpXLI1dE7gFVTT00="></latexit>

0  E[Y (1)� Y (0)]  0.83

Bounds: Monotone Treatment Response
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<latexit sha1_base64="qMa/GNp1MgL3a3mxtYiyioBmP44="></latexit>

8i Yi(1)  Yi(0)

Nonpositive Monotone Treatment Response 

16Bounds: Monotone Treatment Response
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<latexit sha1_base64="qMa/GNp1MgL3a3mxtYiyioBmP44="></latexit>

8i Yi(1)  Yi(0)

Nonpositive Monotone Treatment Response 

16

<latexit sha1_base64="YGYZVY8rfAiR1ujGVWT51yYAS70="></latexit>

E[Y (1)� Y (0)]  0

Bounds: Monotone Treatment Response
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<latexit sha1_base64="qMa/GNp1MgL3a3mxtYiyioBmP44="></latexit>

8i Yi(1)  Yi(0)

Nonpositive Monotone Treatment Response 

16

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83

<latexit sha1_base64="YGYZVY8rfAiR1ujGVWT51yYAS70="></latexit>

E[Y (1)� Y (0)]  0

Running example

Bounds: Monotone Treatment Response
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<latexit sha1_base64="qMa/GNp1MgL3a3mxtYiyioBmP44="></latexit>

8i Yi(1)  Yi(0)

Nonpositive Monotone Treatment Response 

16

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83

<latexit sha1_base64="vrnKiofqpzN5cAjGt9p7eOnwHAg="></latexit>

�0.17  E[Y (1)� Y (0)]  0

Combining nonpositive MTR upper bound with no-assumptions lower bound:

<latexit sha1_base64="YGYZVY8rfAiR1ujGVWT51yYAS70="></latexit>

E[Y (1)� Y (0)]  0

Running example

Bounds: Monotone Treatment Response



Question:
Given, the nonpositive MTR assumption, 
prove                                .

<latexit sha1_base64="wbg7y8nlyz7QZE28jivuLK57b2E="></latexit>

E[Y (1)� Y (0)]  0
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Bounds
No-Assumptions Bound
Monotone Treatment Response
Monotone Treatment Selection
Optimal Treatment Selection

Sensitivity Analysis
Linear Single Confounder
Towards More General Settings

Bounds: Monotone Treatment Selection
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Monotone Treatment Selection (MTS)

19Bounds: Monotone Treatment Selection
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Monotone Treatment Selection (MTS)
Treatment groups’ potential outcomes are better than control groups’:

19

<latexit sha1_base64="3+0NNp7Va2UwbFKIbEum9tJq0WE="></latexit>

E[Y (1) | T = 1] � E[Y (1) | T = 0] , E[Y (0) | T = 1] � E[Y (0) | T = 0]

Bounds: Monotone Treatment Selection



Brady Neal / 48

Monotone Treatment Selection (MTS)
Treatment groups’ potential outcomes are better than control groups’:

19

<latexit sha1_base64="lNyM0EyAJy0JRbGf5GrdjbZR8S4="></latexit>

E[Y (1)� Y (0)]  E[Y | T = 1]� E[Y | T = 0]

Under the MTS assumption, the ATE is bounded from above by 
the associational difference. Mathematically,

<latexit sha1_base64="3+0NNp7Va2UwbFKIbEum9tJq0WE="></latexit>

E[Y (1) | T = 1] � E[Y (1) | T = 0] , E[Y (0) | T = 1] � E[Y (0) | T = 0]

Bounds: Monotone Treatment Selection
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Monotone Treatment Selection (MTS)
Treatment groups’ potential outcomes are better than control groups’:

19

<latexit sha1_base64="lNyM0EyAJy0JRbGf5GrdjbZR8S4="></latexit>

E[Y (1)� Y (0)]  E[Y | T = 1]� E[Y | T = 0]

Under the MTS assumption, the ATE is bounded from above by 
the associational difference. Mathematically,

<latexit sha1_base64="3+0NNp7Va2UwbFKIbEum9tJq0WE="></latexit>

E[Y (1) | T = 1] � E[Y (1) | T = 0] , E[Y (0) | T = 1] � E[Y (0) | T = 0]

Question: Prove the above MTS upper bound.

Bounds: Monotone Treatment Selection
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Running Example: MTS and MTR

20

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

Bounds: Monotone Treatment Selection
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Running Example: MTS and MTR

20

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83

Bounds: Monotone Treatment Selection
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Running Example: MTS and MTR

20

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

MTS upper bound:

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83
<latexit sha1_base64="lNyM0EyAJy0JRbGf5GrdjbZR8S4="></latexit>

E[Y (1)� Y (0)]  E[Y | T = 1]� E[Y | T = 0]

Bounds: Monotone Treatment Selection
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Running Example: MTS and MTR

20

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

MTS upper bound:

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83

Combining MTS upper bound with no-assumptions lower bound:

<latexit sha1_base64="lNyM0EyAJy0JRbGf5GrdjbZR8S4="></latexit>

E[Y (1)� Y (0)]  E[Y | T = 1]� E[Y | T = 0]

<latexit sha1_base64="0usSocIttC6OGe+olDbQ8S8pVBM="></latexit>

�0.17  E[Y (1)� Y (0)]  0.7

Bounds: Monotone Treatment Selection
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Running Example: MTS and MTR

20

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

MTS upper bound:

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83

Combining MTS upper bound with no-assumptions lower bound:

Adding nonnegative MTR assumption and combining MTS upper bound 
with MTR lower bound (                              ):

<latexit sha1_base64="lNyM0EyAJy0JRbGf5GrdjbZR8S4="></latexit>

E[Y (1)� Y (0)]  E[Y | T = 1]� E[Y | T = 0]

<latexit sha1_base64="0usSocIttC6OGe+olDbQ8S8pVBM="></latexit>

�0.17  E[Y (1)� Y (0)]  0.7

<latexit sha1_base64="JsGVuWfln6Und8WBFwah2VbJN/k="></latexit>

E[Y (1)� Y (0)] � 0
<latexit sha1_base64="ipIjpYI4RandQpNoFP9mvN7fmeY="></latexit>

0  E[Y (1)� Y (0)]  0.7

Bounds: Monotone Treatment Selection
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Bounds
No-Assumptions Bound
Monotone Treatment Response
Monotone Treatment Selection
Optimal Treatment Selection

Sensitivity Analysis
Linear Single Confounder
Towards More General Settings

Bounds: Optimal Treatment Selection
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Optimal Treatment Selection (OTS) Assumption

22Bounds: Optimal Treatment Selection
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Optimal Treatment Selection (OTS) Assumption

22

Individuals always receive the treatment that is best for them:

Bounds: Optimal Treatment Selection
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Optimal Treatment Selection (OTS) Assumption

22

Individuals always receive the treatment that is best for them:
<latexit sha1_base64="y9WY9C9eeEOVDI3ZnSJL/kkEjgs="></latexit>

Ti = 1 =) Yi(1) � Yi(0) , Ti = 0 =) Yi(0) > Yi(1)

Bounds: Optimal Treatment Selection
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Optimal Treatment Selection (OTS) Assumption

22

Individuals always receive the treatment that is best for them:
<latexit sha1_base64="y9WY9C9eeEOVDI3ZnSJL/kkEjgs="></latexit>

Ti = 1 =) Yi(1) � Yi(0) , Ti = 0 =) Yi(0) > Yi(1)

<latexit sha1_base64="uOahBpzZ6+fBLKjwT1Oth/i4FKs="></latexit>

E[Y (1) | T = 0]  E[Y (0) | T = 0] = E[Y | T = 0]

Bounds: Optimal Treatment Selection
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Optimal Treatment Selection (OTS) Assumption

22

Individuals always receive the treatment that is best for them:
<latexit sha1_base64="y9WY9C9eeEOVDI3ZnSJL/kkEjgs="></latexit>

Ti = 1 =) Yi(1) � Yi(0) , Ti = 0 =) Yi(0) > Yi(1)

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]

Bounds: Optimal Treatment Selection
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Optimal Treatment Selection (OTS) Assumption

22

Individuals always receive the treatment that is best for them:
<latexit sha1_base64="y9WY9C9eeEOVDI3ZnSJL/kkEjgs="></latexit>

Ti = 1 =) Yi(1) � Yi(0) , Ti = 0 =) Yi(0) > Yi(1)

<latexit sha1_base64="ltRyO403K+oXpHo6pnpnFTqEeqg="></latexit>

E[Y (0) | T = 1]  E[Y (1) | T = 1] = E[Y | T = 1]

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]

Bounds: Optimal Treatment Selection
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Optimal Treatment Selection (OTS) Assumption

22

Individuals always receive the treatment that is best for them:
<latexit sha1_base64="y9WY9C9eeEOVDI3ZnSJL/kkEjgs="></latexit>

Ti = 1 =) Yi(1) � Yi(0) , Ti = 0 =) Yi(0) > Yi(1)

<latexit sha1_base64="7U50vAPgukfnG7eclSmxFT/yXpc="></latexit>

E[Y (0) | T = 1]  E[Y | T = 1]

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]

Bounds: Optimal Treatment Selection
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OTS Upper Bound 1

23Bounds: Optimal Treatment Selection
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OTS Upper Bound 1

23

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]OTS assumption tells us that

Bounds: Optimal Treatment Selection
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OTS Upper Bound 1

23

<latexit sha1_base64="rduDf5k8iF6yBenHg9Dav7eKUUw="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

 ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ a� (1� ⇡)E[Y | T = 0]

= ⇡ E[Y | T = 1]� ⇡ a

(Observational-Counterfactual 
Decomposition)

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]OTS assumption tells us that

Bounds: Optimal Treatment Selection
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<latexit sha1_base64="rduDf5k8iF6yBenHg9Dav7eKUUw="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

 ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ a� (1� ⇡)E[Y | T = 0]

= ⇡ E[Y | T = 1]� ⇡ a

<latexit sha1_base64="rduDf5k8iF6yBenHg9Dav7eKUUw="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

 ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ a� (1� ⇡)E[Y | T = 0]

= ⇡ E[Y | T = 1]� ⇡ a

(Observational-Counterfactual 
Decomposition)

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]OTS assumption tells us that
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<latexit sha1_base64="rduDf5k8iF6yBenHg9Dav7eKUUw="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

 ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ a� (1� ⇡)E[Y | T = 0]

= ⇡ E[Y | T = 1]� ⇡ a

<latexit sha1_base64="rduDf5k8iF6yBenHg9Dav7eKUUw="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

 ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ a� (1� ⇡)E[Y | T = 0]

= ⇡ E[Y | T = 1]� ⇡ a

<latexit sha1_base64="rduDf5k8iF6yBenHg9Dav7eKUUw="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

 ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]

� ⇡ a� (1� ⇡)E[Y | T = 0]

= ⇡ E[Y | T = 1]� ⇡ a

(Observational-Counterfactual 
Decomposition)

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]OTS assumption tells us that
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OTS assumption tells us that
<latexit sha1_base64="7U50vAPgukfnG7eclSmxFT/yXpc="></latexit>

E[Y (0) | T = 1]  E[Y | T = 1]
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�E[Y (0) | T = 1] � �E[Y | T = 1]
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<latexit sha1_base64="oIFdZ0hvuaWzU3zseBWfu5pgYB4="></latexit>

�E[Y (0) | T = 1] � �E[Y | T = 1]

<latexit sha1_base64="TOyAhkKCh8N9OzxROqSV//hqn5c="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡) a

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= (1� ⇡) a� (1� ⇡)E[Y | T = 0]

OTS Lower Bound 1

24

(Observational-Counterfactual 
Decomposition)

OTS assumption tells us that
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<latexit sha1_base64="oIFdZ0hvuaWzU3zseBWfu5pgYB4="></latexit>

�E[Y (0) | T = 1] � �E[Y | T = 1]

<latexit sha1_base64="TOyAhkKCh8N9OzxROqSV//hqn5c="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡) a

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= (1� ⇡) a� (1� ⇡)E[Y | T = 0]

OTS Lower Bound 1

24

(Observational-Counterfactual 
Decomposition)

OTS assumption tells us that

<latexit sha1_base64="TOyAhkKCh8N9OzxROqSV//hqn5c="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡) a

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= (1� ⇡) a� (1� ⇡)E[Y | T = 0]
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<latexit sha1_base64="oIFdZ0hvuaWzU3zseBWfu5pgYB4="></latexit>

�E[Y (0) | T = 1] � �E[Y | T = 1]

<latexit sha1_base64="TOyAhkKCh8N9OzxROqSV//hqn5c="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡) a

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= (1� ⇡) a� (1� ⇡)E[Y | T = 0]

OTS Lower Bound 1

24

(Observational-Counterfactual 
Decomposition)

OTS assumption tells us that

<latexit sha1_base64="TOyAhkKCh8N9OzxROqSV//hqn5c="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡) a

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= (1� ⇡) a� (1� ⇡)E[Y | T = 0]

<latexit sha1_base64="TOyAhkKCh8N9OzxROqSV//hqn5c="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

� ⇡ E[Y | T = 1] + (1� ⇡) a

� ⇡ E[Y | T = 1]� (1� ⇡)E[Y | T = 0]

= (1� ⇡) a� (1� ⇡)E[Y | T = 0]
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<latexit sha1_base64="FdLyHQl37K3hksq2KLHFOt36Cbg="></latexit>

E[Y (1)� Y (0)] < ⇡ E[Y | T = 1]� ⇡ a

E[Y (1)� Y (0)] � (1� ⇡) a� (1� ⇡)E[Y | T = 0]

Interval Length = ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]� a
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OTS Complete Bound 1 and Running Example
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<latexit sha1_base64="FdLyHQl37K3hksq2KLHFOt36Cbg="></latexit>

E[Y (1)� Y (0)] < ⇡ E[Y | T = 1]� ⇡ a

E[Y (1)� Y (0)] � (1� ⇡) a� (1� ⇡)E[Y | T = 0]

Interval Length = ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]� a

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

Running example
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OTS Complete Bound 1 and Running Example
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<latexit sha1_base64="FdLyHQl37K3hksq2KLHFOt36Cbg="></latexit>

E[Y (1)� Y (0)] < ⇡ E[Y | T = 1]� ⇡ a

E[Y (1)� Y (0)] � (1� ⇡) a� (1� ⇡)E[Y | T = 0]

Interval Length = ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]� a

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83

Running example
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OTS Complete Bound 1 and Running Example
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<latexit sha1_base64="FdLyHQl37K3hksq2KLHFOt36Cbg="></latexit>

E[Y (1)� Y (0)] < ⇡ E[Y | T = 1]� ⇡ a

E[Y (1)� Y (0)] � (1� ⇡) a� (1� ⇡)E[Y | T = 0]

Interval Length = ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 0]� a

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83

Running example

<latexit sha1_base64="XMUf2rSbtZk24I7/igjQCRTQueM="></latexit>

�0.14  E[Y (1)� Y (0)]  0.27

Interval Length = 0.41

OTS Bound 1:

Bounds: Optimal Treatment Selection
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<latexit sha1_base64="y9WY9C9eeEOVDI3ZnSJL/kkEjgs="></latexit>

Ti = 1 =) Yi(1) � Yi(0) , Ti = 0 =) Yi(0) > Yi(1)OTS Assumption:
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<latexit sha1_base64="y9WY9C9eeEOVDI3ZnSJL/kkEjgs="></latexit>

Ti = 1 =) Yi(1) � Yi(0) , Ti = 0 =) Yi(0) > Yi(1)OTS Assumption:

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]OTS Bound 1 implication we used:

Bounds: Optimal Treatment Selection



Brady Neal / 48

OTS Upper Bound 2 Preliminaries

27

<latexit sha1_base64="y9WY9C9eeEOVDI3ZnSJL/kkEjgs="></latexit>

Ti = 1 =) Yi(1) � Yi(0) , Ti = 0 =) Yi(0) > Yi(1)OTS Assumption:

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]OTS Bound 1 implication we used:
<latexit sha1_base64="M7DwQ7lnJFzJ8eNGP6ZfH6MVtHo="></latexit>

E[Y (1) | T = 0]  E[Y | T = 1]OTS Bound 2 implication we’ll use:
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<latexit sha1_base64="y9WY9C9eeEOVDI3ZnSJL/kkEjgs="></latexit>

Ti = 1 =) Yi(1) � Yi(0) , Ti = 0 =) Yi(0) > Yi(1)OTS Assumption:

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]OTS Bound 1 implication we used:
<latexit sha1_base64="M7DwQ7lnJFzJ8eNGP6ZfH6MVtHo="></latexit>

E[Y (1) | T = 0]  E[Y | T = 1]OTS Bound 2 implication we’ll use:

<latexit sha1_base64="EjjEZ8AnvzKw6QZ52nI+ep+IfOA="></latexit>

E[Y (1) | T = 0] = E[Y (1) | Y (0) > Y (1)]

 E[Y (1) | Y (0)  Y (1)]

= E[Y (1) | T = 1]

= E[Y | T = 1]

Proof:
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<latexit sha1_base64="y9WY9C9eeEOVDI3ZnSJL/kkEjgs="></latexit>

Ti = 1 =) Yi(1) � Yi(0) , Ti = 0 =) Yi(0) > Yi(1)OTS Assumption:

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]OTS Bound 1 implication we used:
<latexit sha1_base64="M7DwQ7lnJFzJ8eNGP6ZfH6MVtHo="></latexit>

E[Y (1) | T = 0]  E[Y | T = 1]OTS Bound 2 implication we’ll use:

<latexit sha1_base64="EjjEZ8AnvzKw6QZ52nI+ep+IfOA="></latexit>

E[Y (1) | T = 0] = E[Y (1) | Y (0) > Y (1)]

 E[Y (1) | Y (0)  Y (1)]

= E[Y (1) | T = 1]

= E[Y | T = 1]

Proof:
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<latexit sha1_base64="y9WY9C9eeEOVDI3ZnSJL/kkEjgs="></latexit>

Ti = 1 =) Yi(1) � Yi(0) , Ti = 0 =) Yi(0) > Yi(1)OTS Assumption:

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]OTS Bound 1 implication we used:
<latexit sha1_base64="M7DwQ7lnJFzJ8eNGP6ZfH6MVtHo="></latexit>

E[Y (1) | T = 0]  E[Y | T = 1]OTS Bound 2 implication we’ll use:

<latexit sha1_base64="EjjEZ8AnvzKw6QZ52nI+ep+IfOA="></latexit>

E[Y (1) | T = 0] = E[Y (1) | Y (0) > Y (1)]

 E[Y (1) | Y (0)  Y (1)]

= E[Y (1) | T = 1]

= E[Y | T = 1]

Proof:
<latexit sha1_base64="EjjEZ8AnvzKw6QZ52nI+ep+IfOA="></latexit>

E[Y (1) | T = 0] = E[Y (1) | Y (0) > Y (1)]

 E[Y (1) | Y (0)  Y (1)]

= E[Y (1) | T = 1]

= E[Y | T = 1]
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<latexit sha1_base64="y9WY9C9eeEOVDI3ZnSJL/kkEjgs="></latexit>

Ti = 1 =) Yi(1) � Yi(0) , Ti = 0 =) Yi(0) > Yi(1)OTS Assumption:

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]OTS Bound 1 implication we used:
<latexit sha1_base64="M7DwQ7lnJFzJ8eNGP6ZfH6MVtHo="></latexit>

E[Y (1) | T = 0]  E[Y | T = 1]OTS Bound 2 implication we’ll use:

<latexit sha1_base64="EjjEZ8AnvzKw6QZ52nI+ep+IfOA="></latexit>

E[Y (1) | T = 0] = E[Y (1) | Y (0) > Y (1)]

 E[Y (1) | Y (0)  Y (1)]

= E[Y (1) | T = 1]

= E[Y | T = 1]

Proof:
<latexit sha1_base64="EjjEZ8AnvzKw6QZ52nI+ep+IfOA="></latexit>

E[Y (1) | T = 0] = E[Y (1) | Y (0) > Y (1)]

 E[Y (1) | Y (0)  Y (1)]

= E[Y (1) | T = 1]

= E[Y | T = 1]

<latexit sha1_base64="EjjEZ8AnvzKw6QZ52nI+ep+IfOA="></latexit>

E[Y (1) | T = 0] = E[Y (1) | Y (0) > Y (1)]

 E[Y (1) | Y (0)  Y (1)]

= E[Y (1) | T = 1]

= E[Y | T = 1]

Bounds: Optimal Treatment Selection
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<latexit sha1_base64="y9WY9C9eeEOVDI3ZnSJL/kkEjgs="></latexit>

Ti = 1 =) Yi(1) � Yi(0) , Ti = 0 =) Yi(0) > Yi(1)OTS Assumption:

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]OTS Bound 1 implication we used:
<latexit sha1_base64="M7DwQ7lnJFzJ8eNGP6ZfH6MVtHo="></latexit>

E[Y (1) | T = 0]  E[Y | T = 1]OTS Bound 2 implication we’ll use:

<latexit sha1_base64="EjjEZ8AnvzKw6QZ52nI+ep+IfOA="></latexit>

E[Y (1) | T = 0] = E[Y (1) | Y (0) > Y (1)]

 E[Y (1) | Y (0)  Y (1)]

= E[Y (1) | T = 1]

= E[Y | T = 1]

Proof:
<latexit sha1_base64="EjjEZ8AnvzKw6QZ52nI+ep+IfOA="></latexit>

E[Y (1) | T = 0] = E[Y (1) | Y (0) > Y (1)]

 E[Y (1) | Y (0)  Y (1)]

= E[Y (1) | T = 1]

= E[Y | T = 1]

<latexit sha1_base64="EjjEZ8AnvzKw6QZ52nI+ep+IfOA="></latexit>

E[Y (1) | T = 0] = E[Y (1) | Y (0) > Y (1)]

 E[Y (1) | Y (0)  Y (1)]

= E[Y (1) | T = 1]

= E[Y | T = 1]

<latexit sha1_base64="q1/SOtUOVSUDn0j/vUHGC7xFOec="></latexit>

Ti = 1 (= Yi(0)  Yi(1)Contrapositive:

Bounds: Optimal Treatment Selection
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<latexit sha1_base64="y9WY9C9eeEOVDI3ZnSJL/kkEjgs="></latexit>

Ti = 1 =) Yi(1) � Yi(0) , Ti = 0 =) Yi(0) > Yi(1)OTS Assumption:

<latexit sha1_base64="Eui1M4nGH2vBrYURJfeCmLq9mbc="></latexit>

E[Y (1) | T = 0]  E[Y | T = 0]OTS Bound 1 implication we used:
<latexit sha1_base64="M7DwQ7lnJFzJ8eNGP6ZfH6MVtHo="></latexit>

E[Y (1) | T = 0]  E[Y | T = 1]OTS Bound 2 implication we’ll use:

<latexit sha1_base64="EjjEZ8AnvzKw6QZ52nI+ep+IfOA="></latexit>

E[Y (1) | T = 0] = E[Y (1) | Y (0) > Y (1)]

 E[Y (1) | Y (0)  Y (1)]

= E[Y (1) | T = 1]

= E[Y | T = 1]

Proof:
<latexit sha1_base64="EjjEZ8AnvzKw6QZ52nI+ep+IfOA="></latexit>

E[Y (1) | T = 0] = E[Y (1) | Y (0) > Y (1)]

 E[Y (1) | Y (0)  Y (1)]

= E[Y (1) | T = 1]

= E[Y | T = 1]

<latexit sha1_base64="EjjEZ8AnvzKw6QZ52nI+ep+IfOA="></latexit>

E[Y (1) | T = 0] = E[Y (1) | Y (0) > Y (1)]

 E[Y (1) | Y (0)  Y (1)]

= E[Y (1) | T = 1]

= E[Y | T = 1]

<latexit sha1_base64="EjjEZ8AnvzKw6QZ52nI+ep+IfOA="></latexit>

E[Y (1) | T = 0] = E[Y (1) | Y (0) > Y (1)]

 E[Y (1) | Y (0)  Y (1)]

= E[Y (1) | T = 1]

= E[Y | T = 1]

<latexit sha1_base64="q1/SOtUOVSUDn0j/vUHGC7xFOec="></latexit>

Ti = 1 (= Yi(0)  Yi(1)Contrapositive:

Bounds: Optimal Treatment Selection
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<latexit sha1_base64="M7DwQ7lnJFzJ8eNGP6ZfH6MVtHo="></latexit>

E[Y (1) | T = 0]  E[Y | T = 1]OTS assumption tells us that

Bounds: Optimal Treatment Selection
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OTS Upper Bound 2

28

<latexit sha1_base64="B8BANt3WGw1YNpaIuynGhyOLFCk="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

 ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 1]

� ⇡ a� (1� ⇡)E[Y | T = 0]

= E[Y | T = 1]� ⇡ a� (1� ⇡)E[Y | T = 0]

(Observational-Counterfactual 
Decomposition)

<latexit sha1_base64="M7DwQ7lnJFzJ8eNGP6ZfH6MVtHo="></latexit>

E[Y (1) | T = 0]  E[Y | T = 1]OTS assumption tells us that

Bounds: Optimal Treatment Selection
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OTS Upper Bound 2

28

<latexit sha1_base64="B8BANt3WGw1YNpaIuynGhyOLFCk="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

 ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 1]

� ⇡ a� (1� ⇡)E[Y | T = 0]

= E[Y | T = 1]� ⇡ a� (1� ⇡)E[Y | T = 0]

<latexit sha1_base64="B8BANt3WGw1YNpaIuynGhyOLFCk="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

 ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 1]

� ⇡ a� (1� ⇡)E[Y | T = 0]

= E[Y | T = 1]� ⇡ a� (1� ⇡)E[Y | T = 0]

(Observational-Counterfactual 
Decomposition)

<latexit sha1_base64="M7DwQ7lnJFzJ8eNGP6ZfH6MVtHo="></latexit>

E[Y (1) | T = 0]  E[Y | T = 1]OTS assumption tells us that

Bounds: Optimal Treatment Selection
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OTS Upper Bound 2

28

<latexit sha1_base64="B8BANt3WGw1YNpaIuynGhyOLFCk="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

 ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 1]

� ⇡ a� (1� ⇡)E[Y | T = 0]

= E[Y | T = 1]� ⇡ a� (1� ⇡)E[Y | T = 0]

<latexit sha1_base64="B8BANt3WGw1YNpaIuynGhyOLFCk="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

 ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 1]

� ⇡ a� (1� ⇡)E[Y | T = 0]

= E[Y | T = 1]� ⇡ a� (1� ⇡)E[Y | T = 0]

<latexit sha1_base64="B8BANt3WGw1YNpaIuynGhyOLFCk="></latexit>

E[Y (1)� Y (0)] = ⇡ E[Y | T = 1] + (1� ⇡)E[Y (1) | T = 0]

� ⇡ E[Y (0) | T = 1]� (1� ⇡)E[Y | T = 0]

 ⇡ E[Y | T = 1] + (1� ⇡)E[Y | T = 1]

� ⇡ a� (1� ⇡)E[Y | T = 0]

= E[Y | T = 1]� ⇡ a� (1� ⇡)E[Y | T = 0]

(Observational-Counterfactual 
Decomposition)

<latexit sha1_base64="M7DwQ7lnJFzJ8eNGP6ZfH6MVtHo="></latexit>

E[Y (1) | T = 0]  E[Y | T = 1]OTS assumption tells us that

Bounds: Optimal Treatment Selection



Question:
Prove a new lower bound using the version 
of  the OTS assumption that we used in the 
last slide.
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OTS Complete Bound 2 and Running Example

30Bounds: Optimal Treatment Selection
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<latexit sha1_base64="szjUafbJenD3debcXC7sO3FQ12g="></latexit>

E[Y (1)� Y (0)]  E[Y | T = 1]� ⇡ a� (1� ⇡)E[Y | T = 0]

E[Y (1)� Y (0)] � ⇡ E[Y | T = 1] + (1� ⇡) a� E[Y | T = 0]

Interval Length = (1� ⇡)E[Y | T = 1] + ⇡ E[Y | T = 0]� a

OTS Complete Bound 2 and Running Example

30Bounds: Optimal Treatment Selection
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<latexit sha1_base64="szjUafbJenD3debcXC7sO3FQ12g="></latexit>

E[Y (1)� Y (0)]  E[Y | T = 1]� ⇡ a� (1� ⇡)E[Y | T = 0]

E[Y (1)� Y (0)] � ⇡ E[Y | T = 1] + (1� ⇡) a� E[Y | T = 0]

Interval Length = (1� ⇡)E[Y | T = 1] + ⇡ E[Y | T = 0]� a

OTS Complete Bound 2 and Running Example

30

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

Running example

Bounds: Optimal Treatment Selection
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<latexit sha1_base64="szjUafbJenD3debcXC7sO3FQ12g="></latexit>

E[Y (1)� Y (0)]  E[Y | T = 1]� ⇡ a� (1� ⇡)E[Y | T = 0]

E[Y (1)� Y (0)] � ⇡ E[Y | T = 1] + (1� ⇡) a� E[Y | T = 0]

Interval Length = (1� ⇡)E[Y | T = 1] + ⇡ E[Y | T = 0]� a

OTS Complete Bound 2 and Running Example

30

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83

Running example

Bounds: Optimal Treatment Selection
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<latexit sha1_base64="KjmpZmg5NNffP+QIED+hYkksN24="></latexit>

0.07  E[Y (1)� Y (0)]  0.76

Interval Length = 0.69

<latexit sha1_base64="szjUafbJenD3debcXC7sO3FQ12g="></latexit>

E[Y (1)� Y (0)]  E[Y | T = 1]� ⇡ a� (1� ⇡)E[Y | T = 0]

E[Y (1)� Y (0)] � ⇡ E[Y | T = 1] + (1� ⇡) a� E[Y | T = 0]

Interval Length = (1� ⇡)E[Y | T = 1] + ⇡ E[Y | T = 0]� a

OTS Complete Bound 2 and Running Example

30

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83

Running example

OTS Bound 2:

Bounds: Optimal Treatment Selection
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<latexit sha1_base64="KjmpZmg5NNffP+QIED+hYkksN24="></latexit>

0.07  E[Y (1)� Y (0)]  0.76

Interval Length = 0.69

<latexit sha1_base64="szjUafbJenD3debcXC7sO3FQ12g="></latexit>

E[Y (1)� Y (0)]  E[Y | T = 1]� ⇡ a� (1� ⇡)E[Y | T = 0]

E[Y (1)� Y (0)] � ⇡ E[Y | T = 1] + (1� ⇡) a� E[Y | T = 0]

Interval Length = (1� ⇡)E[Y | T = 1] + ⇡ E[Y | T = 0]� a

OTS Complete Bound 2 and Running Example

30

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83

Running example

OTS Bound 2: Identified the sign 
of  the effect!

Bounds: Optimal Treatment Selection
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Comparing and Mixing OTS Bounds

31

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

Bounds: Optimal Treatment Selection
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Comparing and Mixing OTS Bounds

31

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83

Bounds: Optimal Treatment Selection
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Comparing and Mixing OTS Bounds

31

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83
<latexit sha1_base64="XMUf2rSbtZk24I7/igjQCRTQueM="></latexit>

�0.14  E[Y (1)� Y (0)]  0.27

Interval Length = 0.41

OTS Bound 1:

Bounds: Optimal Treatment Selection
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Comparing and Mixing OTS Bounds

31

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83
<latexit sha1_base64="XMUf2rSbtZk24I7/igjQCRTQueM="></latexit>

�0.14  E[Y (1)� Y (0)]  0.27

Interval Length = 0.41

OTS Bound 1:

<latexit sha1_base64="KjmpZmg5NNffP+QIED+hYkksN24="></latexit>

0.07  E[Y (1)� Y (0)]  0.76

Interval Length = 0.69

OTS Bound 2:

Bounds: Optimal Treatment Selection
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Comparing and Mixing OTS Bounds

31

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83
<latexit sha1_base64="XMUf2rSbtZk24I7/igjQCRTQueM="></latexit>

�0.14  E[Y (1)� Y (0)]  0.27

Interval Length = 0.41

OTS Bound 1:

<latexit sha1_base64="KjmpZmg5NNffP+QIED+hYkksN24="></latexit>

0.07  E[Y (1)� Y (0)]  0.76

Interval Length = 0.69

OTS Bound 2: Identified the sign of  the effect, 
but gives a 68% larger interval

Bounds: Optimal Treatment Selection
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Comparing and Mixing OTS Bounds

31

Potential outcomes bounded between 0 (a) and 1 (b)
<latexit sha1_base64="7Rp8/HTQ6RDjGzfT4AmsnMitKdc="></latexit>

⇡ = 0.3
<latexit sha1_base64="0qNgQeOfCCNVWbvIY5PG57G3lcA="></latexit>

E[Y | T = 1] = .9
<latexit sha1_base64="xW9LuNHNXw/HCg+T3VfX5m8sUYE="></latexit>

E[Y | T = 0] = .2

No-assumptions bound:
<latexit sha1_base64="TdWecIwojCY7QlkdYZZF/zpuSfI="></latexit>

�0.17  E[Y (1)� Y (0)]  0.83
<latexit sha1_base64="XMUf2rSbtZk24I7/igjQCRTQueM="></latexit>

�0.14  E[Y (1)� Y (0)]  0.27

Interval Length = 0.41

OTS Bound 1:

<latexit sha1_base64="KjmpZmg5NNffP+QIED+hYkksN24="></latexit>

0.07  E[Y (1)� Y (0)]  0.76

Interval Length = 0.69

OTS Bound 2: Identified the sign of  the effect, 
but gives a 68% larger interval

OTS Upper Bound 1 and OTS Lower Bound 2:
<latexit sha1_base64="f7tn3SKr4KzEoKLN6lBNQd0rxxk="></latexit>

0.07  E[Y (1)� Y (0)]  0.27
<latexit sha1_base64="JtD96c4+VAUmHGKsRi0gW1ohzfM="></latexit>

Interval Length = 0.2

Bounds: Optimal Treatment Selection
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Unobserved Confounder Setting

33

<latexit sha1_base64="eRljzOoTMx+Fb5CMXgiXG590eak="></latexit>

W

T Y

<latexit sha1_base64="qEU0nKhHJfNQr73O6QeY2sLiLXE="></latexit>

E[Y (1)� Y (0)] = EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]
<latexit sha1_base64="qEU0nKhHJfNQr73O6QeY2sLiLXE="></latexit>

E[Y (1)� Y (0)] = EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]

Sensitivity Analysis
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Unobserved Confounder Setting

33

<latexit sha1_base64="eRljzOoTMx+Fb5CMXgiXG590eak="></latexit>

W

T Y

Last section, we completely threw out the unconfoundedness assumption.

<latexit sha1_base64="qEU0nKhHJfNQr73O6QeY2sLiLXE="></latexit>

E[Y (1)� Y (0)] = EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]
<latexit sha1_base64="qEU0nKhHJfNQr73O6QeY2sLiLXE="></latexit>

E[Y (1)� Y (0)] = EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]

Sensitivity Analysis



Brady Neal / 48

Unobserved Confounder Setting

33

Last section, we completely threw out the unconfoundedness assumption.
Now, we assume the observed W and the unobserved U gives us 
unconfoundedness <latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

<latexit sha1_base64="7h4SIYwEFBbP5TqSm2XIubJIUPU="></latexit>

E[Y (1)� Y (0)] = EW,U [E[Y | T = 1,W,U ]� E[Y | T = 0,W,U ]]
<latexit sha1_base64="qEU0nKhHJfNQr73O6QeY2sLiLXE="></latexit>

E[Y (1)� Y (0)] = EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]

Sensitivity Analysis
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Unobserved Confounder Setting

33

Last section, we completely threw out the unconfoundedness assumption.
Now, we assume the observed W and the unobserved U gives us 
unconfoundedness <latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

<latexit sha1_base64="7h4SIYwEFBbP5TqSm2XIubJIUPU="></latexit>

E[Y (1)� Y (0)] = EW,U [E[Y | T = 1,W,U ]� E[Y | T = 0,W,U ]]
<latexit sha1_base64="qEU0nKhHJfNQr73O6QeY2sLiLXE="></latexit>

E[Y (1)� Y (0)] = EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]
<latexit sha1_base64="vei1mn9NO6vHWjVzBryobX//Eg0="></latexit>

?⇡ EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]

Sensitivity Analysis
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Linear SCM

35

<latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

Sensitivity Analysis: Linear Single Confounder
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Linear SCM

<latexit sha1_base64="oLNh5jgGL8lSG3RxxH8XLmVD2Fg="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

35

<latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

Sensitivity Analysis: Linear Single Confounder
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Linear SCM

<latexit sha1_base64="oLNh5jgGL8lSG3RxxH8XLmVD2Fg="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

35

<latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

Goal: recover <latexit sha1_base64="4kLgsB3V/MeIDLI24ttEC6CioZs="></latexit>

�

Sensitivity Analysis: Linear Single Confounder
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Bias in Simple Linear Setting

36

<latexit sha1_base64="oLNh5jgGL8lSG3RxxH8XLmVD2Fg="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

<latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

Sensitivity Analysis: Linear Single Confounder
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Bias in Simple Linear Setting

36

<latexit sha1_base64="oLNh5jgGL8lSG3RxxH8XLmVD2Fg="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

<latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

<latexit sha1_base64="ECX4aNrFkygg1eWzyV7O7iEbFzI="></latexit>

E[Y (1)� Y (0)] = EW,U [E[Y | T = 1,W,U ]� E[Y | T = 0,W,U ]] = �

Sensitivity Analysis: Linear Single Confounder
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Bias in Simple Linear Setting

36

<latexit sha1_base64="oLNh5jgGL8lSG3RxxH8XLmVD2Fg="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

<latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

<latexit sha1_base64="ECX4aNrFkygg1eWzyV7O7iEbFzI="></latexit>

E[Y (1)� Y (0)] = EW,U [E[Y | T = 1,W,U ]� E[Y | T = 0,W,U ]] = �
<latexit sha1_base64="bCgkyUx3yWUkqyiD0hPOxiEVoeE="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]
?
=

<latexit sha1_base64="bCgkyUx3yWUkqyiD0hPOxiEVoeE="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]
?
=

<latexit sha1_base64="bCgkyUx3yWUkqyiD0hPOxiEVoeE="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]
?
=

Sensitivity Analysis: Linear Single Confounder
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<latexit sha1_base64="oLNh5jgGL8lSG3RxxH8XLmVD2Fg="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

<latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

<latexit sha1_base64="ECX4aNrFkygg1eWzyV7O7iEbFzI="></latexit>

E[Y (1)� Y (0)] = EW,U [E[Y | T = 1,W,U ]� E[Y | T = 0,W,U ]] = �
<latexit sha1_base64="bCgkyUx3yWUkqyiD0hPOxiEVoeE="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]
?
=

<latexit sha1_base64="zWr5HNn3VSEmW3hoOPrylTWI2uA="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] = � +
�u

↵u

<latexit sha1_base64="bCgkyUx3yWUkqyiD0hPOxiEVoeE="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]
?
=
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<latexit sha1_base64="oLNh5jgGL8lSG3RxxH8XLmVD2Fg="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

<latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

<latexit sha1_base64="ECX4aNrFkygg1eWzyV7O7iEbFzI="></latexit>

E[Y (1)� Y (0)] = EW,U [E[Y | T = 1,W,U ]� E[Y | T = 0,W,U ]] = �
<latexit sha1_base64="bCgkyUx3yWUkqyiD0hPOxiEVoeE="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]
?
=

<latexit sha1_base64="zWr5HNn3VSEmW3hoOPrylTWI2uA="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] = � +
�u

↵u

<latexit sha1_base64="bCgkyUx3yWUkqyiD0hPOxiEVoeE="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]
?
=

Proof  coming 
after next slide
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<latexit sha1_base64="oLNh5jgGL8lSG3RxxH8XLmVD2Fg="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

<latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

<latexit sha1_base64="ECX4aNrFkygg1eWzyV7O7iEbFzI="></latexit>

E[Y (1)� Y (0)] = EW,U [E[Y | T = 1,W,U ]� E[Y | T = 0,W,U ]] = �
<latexit sha1_base64="bCgkyUx3yWUkqyiD0hPOxiEVoeE="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]
?
=

<latexit sha1_base64="zWr5HNn3VSEmW3hoOPrylTWI2uA="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] = � +
�u

↵u
<latexit sha1_base64="TLdb9LB2IawHGV9IHLw7pLDpis0="></latexit>

Bias of EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] = � +
�u

↵u
� � =

�u

↵u

<latexit sha1_base64="bCgkyUx3yWUkqyiD0hPOxiEVoeE="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]
?
=

Proof  coming 
after next slide
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<latexit sha1_base64="oLNh5jgGL8lSG3RxxH8XLmVD2Fg="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

<latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

<latexit sha1_base64="ECX4aNrFkygg1eWzyV7O7iEbFzI="></latexit>

E[Y (1)� Y (0)] = EW,U [E[Y | T = 1,W,U ]� E[Y | T = 0,W,U ]] = �
<latexit sha1_base64="bCgkyUx3yWUkqyiD0hPOxiEVoeE="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]
?
=

<latexit sha1_base64="zWr5HNn3VSEmW3hoOPrylTWI2uA="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] = � +
�u

↵u
<latexit sha1_base64="TLdb9LB2IawHGV9IHLw7pLDpis0="></latexit>

Bias of EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] = � +
�u

↵u
� � =

�u

↵u

<latexit sha1_base64="bCgkyUx3yWUkqyiD0hPOxiEVoeE="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]
?
=

<latexit sha1_base64="TLdb9LB2IawHGV9IHLw7pLDpis0="></latexit>

Bias of EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] = � +
�u

↵u
� � =

�u

↵u

Proof  coming 
after next slide
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<latexit sha1_base64="LcpGuqRnUiblZeChoOywKImqzxE="></latexit>

Bias of EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] =
�u

↵u

Sensitivity Analysis: Linear Single Confounder



Brady Neal / 48

Contour Plots for Sensitivity to Confounding

37

<latexit sha1_base64="LcpGuqRnUiblZeChoOywKImqzxE="></latexit>

Bias of EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] =
�u

↵u

<latexit sha1_base64="0L4n8oCOuZcyRjnIgv9VZIKeFb8="></latexit>

1

↵u

<latexit sha1_base64="jc7ZpVoZh/c/adpaeMiCombd7k0="></latexit>

�u
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<latexit sha1_base64="LcpGuqRnUiblZeChoOywKImqzxE="></latexit>

Bias of EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] =
�u

↵u

<latexit sha1_base64="0L4n8oCOuZcyRjnIgv9VZIKeFb8="></latexit>

1

↵u

<latexit sha1_base64="P19Fby+XaPzio8piT7yEV2vZ8bA="></latexit>

�u

↵u

<latexit sha1_base64="jc7ZpVoZh/c/adpaeMiCombd7k0="></latexit>

�u
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<latexit sha1_base64="LcpGuqRnUiblZeChoOywKImqzxE="></latexit>

Bias of EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] =
�u

↵u

<latexit sha1_base64="0L4n8oCOuZcyRjnIgv9VZIKeFb8="></latexit>

1

↵u

<latexit sha1_base64="P19Fby+XaPzio8piT7yEV2vZ8bA="></latexit>

�u

↵u

<latexit sha1_base64="jc7ZpVoZh/c/adpaeMiCombd7k0="></latexit>

�u
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<latexit sha1_base64="LcpGuqRnUiblZeChoOywKImqzxE="></latexit>

Bias of EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] =
�u

↵u

<latexit sha1_base64="0L4n8oCOuZcyRjnIgv9VZIKeFb8="></latexit>

1

↵u

<latexit sha1_base64="P19Fby+XaPzio8piT7yEV2vZ8bA="></latexit>

�u

↵u

<latexit sha1_base64="jc7ZpVoZh/c/adpaeMiCombd7k0="></latexit>

�u
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<latexit sha1_base64="LcpGuqRnUiblZeChoOywKImqzxE="></latexit>

Bias of EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] =
�u

↵u

<latexit sha1_base64="0L4n8oCOuZcyRjnIgv9VZIKeFb8="></latexit>

1

↵u

<latexit sha1_base64="P19Fby+XaPzio8piT7yEV2vZ8bA="></latexit>

�u

↵u

<latexit sha1_base64="jc7ZpVoZh/c/adpaeMiCombd7k0="></latexit>

�u
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<latexit sha1_base64="EVQl4N7kYJF3METdJqxOLrx8KMA="></latexit>

� = EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]� �u

↵u
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<latexit sha1_base64="LcpGuqRnUiblZeChoOywKImqzxE="></latexit>

Bias of EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] =
�u

↵u

<latexit sha1_base64="0L4n8oCOuZcyRjnIgv9VZIKeFb8="></latexit>

1

↵u

<latexit sha1_base64="jc7ZpVoZh/c/adpaeMiCombd7k0="></latexit>

�u

<latexit sha1_base64="P19Fby+XaPzio8piT7yEV2vZ8bA="></latexit>

�u

↵u

<latexit sha1_base64="0L4n8oCOuZcyRjnIgv9VZIKeFb8="></latexit>

1

↵u

<latexit sha1_base64="jc7ZpVoZh/c/adpaeMiCombd7k0="></latexit>

�u
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<latexit sha1_base64="EVQl4N7kYJF3METdJqxOLrx8KMA="></latexit>

� = EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]� �u

↵u
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37

<latexit sha1_base64="LcpGuqRnUiblZeChoOywKImqzxE="></latexit>

Bias of EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] =
�u

↵u

<latexit sha1_base64="0L4n8oCOuZcyRjnIgv9VZIKeFb8="></latexit>

1

↵u

<latexit sha1_base64="jc7ZpVoZh/c/adpaeMiCombd7k0="></latexit>

�u

<latexit sha1_base64="P19Fby+XaPzio8piT7yEV2vZ8bA="></latexit>

�u

↵u

<latexit sha1_base64="npInmf1dGy3KD2NGzBZ/YIbVCPA="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] = 25

<latexit sha1_base64="0L4n8oCOuZcyRjnIgv9VZIKeFb8="></latexit>

1

↵u

<latexit sha1_base64="YrCxHeE4hiD8qGla8YbmhiEyrdQ="></latexit>

� = 25

<latexit sha1_base64="jc7ZpVoZh/c/adpaeMiCombd7k0="></latexit>

�u
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<latexit sha1_base64="LcpGuqRnUiblZeChoOywKImqzxE="></latexit>

Bias of EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] =
�u

↵u

<latexit sha1_base64="0L4n8oCOuZcyRjnIgv9VZIKeFb8="></latexit>

1

↵u

<latexit sha1_base64="jc7ZpVoZh/c/adpaeMiCombd7k0="></latexit>

�u

<latexit sha1_base64="MeeE36HURkmUSR1Z1K/ClSRPLTE="></latexit>

� = 25� �u

↵u
<latexit sha1_base64="P19Fby+XaPzio8piT7yEV2vZ8bA="></latexit>

�u

↵u

<latexit sha1_base64="npInmf1dGy3KD2NGzBZ/YIbVCPA="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] = 25

<latexit sha1_base64="0L4n8oCOuZcyRjnIgv9VZIKeFb8="></latexit>

1

↵u

<latexit sha1_base64="YrCxHeE4hiD8qGla8YbmhiEyrdQ="></latexit>

� = 25

<latexit sha1_base64="jc7ZpVoZh/c/adpaeMiCombd7k0="></latexit>

�u
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<latexit sha1_base64="LcpGuqRnUiblZeChoOywKImqzxE="></latexit>

Bias of EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] =
�u

↵u

<latexit sha1_base64="0L4n8oCOuZcyRjnIgv9VZIKeFb8="></latexit>

1

↵u

<latexit sha1_base64="jc7ZpVoZh/c/adpaeMiCombd7k0="></latexit>

�u

<latexit sha1_base64="MeeE36HURkmUSR1Z1K/ClSRPLTE="></latexit>

� = 25� �u

↵u
<latexit sha1_base64="P19Fby+XaPzio8piT7yEV2vZ8bA="></latexit>

�u

↵u

<latexit sha1_base64="npInmf1dGy3KD2NGzBZ/YIbVCPA="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]] = 25

<latexit sha1_base64="O05OnwJJVfdru0R5p3X8RH8PVAQ="></latexit>

E[Y (1)� Y (0)] = �

<latexit sha1_base64="0L4n8oCOuZcyRjnIgv9VZIKeFb8="></latexit>

1

↵u

<latexit sha1_base64="YrCxHeE4hiD8qGla8YbmhiEyrdQ="></latexit>

� = 25

<latexit sha1_base64="jc7ZpVoZh/c/adpaeMiCombd7k0="></latexit>

�u
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Assumed SCM:
<latexit sha1_base64="GaCQweg2FtFb74Cd3rmFeXbcwn8="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T
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38

Assumed SCM:
<latexit sha1_base64="GaCQweg2FtFb74Cd3rmFeXbcwn8="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

The confounding bias of  adjusting for just W (and not U) is      . Formally,
<latexit sha1_base64="deDm4GbQFFe8Pui/gkmmuey3YMw="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]

� EW,U [E[Y | T = 1,W,U ]� E[Y | T = 0,W,U ]] =
�u

↵u

<latexit sha1_base64="P19Fby+XaPzio8piT7yEV2vZ8bA="></latexit>

�u

↵u

Result:
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38

Assumed SCM:
<latexit sha1_base64="GaCQweg2FtFb74Cd3rmFeXbcwn8="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

<latexit sha1_base64="hFu/fmcnwBX81CcQb7VGetfssaI="></latexit>

EW [E[Y | T = t,W ]] <latexit sha1_base64="w1ZhPiDncXR2L8yzYwlu/GNyM/Q="></latexit>↵w
<latexit sha1_base64="48CstAaUpFlmEG+nuOp3jWzujXU="></latexit>↵u

<latexit sha1_base64="fSJ0y/3irtENRAe31P2x41TtLN8="></latexit>

�u
<latexit sha1_base64="T+W/IhsnYnJtUIWYolY1YBFilwA="></latexit>

�w

Proof  Outline:

The confounding bias of  adjusting for just W (and not U) is      . Formally,
<latexit sha1_base64="deDm4GbQFFe8Pui/gkmmuey3YMw="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]

� EW,U [E[Y | T = 1,W,U ]� E[Y | T = 0,W,U ]] =
�u

↵u

<latexit sha1_base64="P19Fby+XaPzio8piT7yEV2vZ8bA="></latexit>

�u

↵u

Result:
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38

Assumed SCM:
<latexit sha1_base64="GaCQweg2FtFb74Cd3rmFeXbcwn8="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

<latexit sha1_base64="mza1ctzR+qochFal+JYosUMtVg8="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]

<latexit sha1_base64="hFu/fmcnwBX81CcQb7VGetfssaI="></latexit>

EW [E[Y | T = t,W ]] <latexit sha1_base64="w1ZhPiDncXR2L8yzYwlu/GNyM/Q="></latexit>↵w
<latexit sha1_base64="48CstAaUpFlmEG+nuOp3jWzujXU="></latexit>↵u

<latexit sha1_base64="fSJ0y/3irtENRAe31P2x41TtLN8="></latexit>

�u
<latexit sha1_base64="T+W/IhsnYnJtUIWYolY1YBFilwA="></latexit>

�w

Proof  Outline:

The confounding bias of  adjusting for just W (and not U) is      . Formally,
<latexit sha1_base64="deDm4GbQFFe8Pui/gkmmuey3YMw="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]

� EW,U [E[Y | T = 1,W,U ]� E[Y | T = 0,W,U ]] =
�u

↵u

<latexit sha1_base64="P19Fby+XaPzio8piT7yEV2vZ8bA="></latexit>

�u

↵u

Result:
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Bias in Simple Linear Setting Proof: Outline

1. Get a closed-form expression for                                 in terms of      ,     ,     , and     .
2. Use step 1 to get a closed-form expression for the difference

3. Subtract off

38

Assumed SCM:
<latexit sha1_base64="GaCQweg2FtFb74Cd3rmFeXbcwn8="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

<latexit sha1_base64="mza1ctzR+qochFal+JYosUMtVg8="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]

<latexit sha1_base64="Za6uReEA61igoPD5hC6PLEGyoqc="></latexit>

EW,U [E[Y | T = 1,W,U ]� E[Y | T = 0,W,U ]] = �

<latexit sha1_base64="hFu/fmcnwBX81CcQb7VGetfssaI="></latexit>

EW [E[Y | T = t,W ]] <latexit sha1_base64="w1ZhPiDncXR2L8yzYwlu/GNyM/Q="></latexit>↵w
<latexit sha1_base64="48CstAaUpFlmEG+nuOp3jWzujXU="></latexit>↵u

<latexit sha1_base64="fSJ0y/3irtENRAe31P2x41TtLN8="></latexit>

�u
<latexit sha1_base64="T+W/IhsnYnJtUIWYolY1YBFilwA="></latexit>

�w

Proof  Outline:

The confounding bias of  adjusting for just W (and not U) is      . Formally,
<latexit sha1_base64="deDm4GbQFFe8Pui/gkmmuey3YMw="></latexit>

EW [E[Y | T = 1,W ]� E[Y | T = 0,W ]]

� EW,U [E[Y | T = 1,W,U ]� E[Y | T = 0,W,U ]] =
�u

↵u

<latexit sha1_base64="P19Fby+XaPzio8piT7yEV2vZ8bA="></latexit>

�u

↵u

Result:
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Get a closed-form expression for                                 in terms of      ,     ,     , and     .
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39

Assumed SCM:
<latexit sha1_base64="GaCQweg2FtFb74Cd3rmFeXbcwn8="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

<latexit sha1_base64="hFu/fmcnwBX81CcQb7VGetfssaI="></latexit>

EW [E[Y | T = t,W ]] <latexit sha1_base64="w1ZhPiDncXR2L8yzYwlu/GNyM/Q="></latexit>↵w
<latexit sha1_base64="48CstAaUpFlmEG+nuOp3jWzujXU="></latexit>↵u

<latexit sha1_base64="fSJ0y/3irtENRAe31P2x41TtLN8="></latexit>

�u
<latexit sha1_base64="T+W/IhsnYnJtUIWYolY1YBFilwA="></latexit>

�w
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Bias in Simple Linear Setting Proof: Step 1

39

Assumed SCM:
<latexit sha1_base64="GaCQweg2FtFb74Cd3rmFeXbcwn8="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

<latexit sha1_base64="l6QovI303j1kFEIymG4MPpao3n8="></latexit>

EW [E[Y | T = t,W ]] = EW [E[�wW + �uU + �T | T = t,W ]]

= EW [�wW + �uE[U | T = t,W ] + �t]

= EW


�wW + �u

✓
t� ↵wW
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Assumed SCM:
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Bias in Simple Linear Setting Proof: Step 2
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<latexit sha1_base64="GnN2BA26IUGztxfOS/e8BCHv0Sk="></latexit>
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Generalization to Arbitrary Linear SCMs

We’ve considered specifically the ATE in this simple graph
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<latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

<latexit sha1_base64="DzOYVEAuC43gMru9XrTTWtcmBas="></latexit>

E[Y (1)� Y (0)]
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E[Y (1)� Y (0)]

See “Sensitivity Analysis of  Linear Structural Causal Models” from Cinelli 
et al. (2019) for arbitrary estimands in arbitrary graphs, where the 
structural equations are still linear

Sensitivity Analysis: Linear Single Confounder

http://proceedings.mlr.press/v97/cinelli19a.html


Questions:
1. Given the above SCM, show that

2. Does what we have shown in this section work if  W is a 
vector?

3. How about if  U is a vector?

<latexit sha1_base64="W/TpkSuEvYHYjtBXNqXDnMS7kjc="></latexit>

EW,U [E[Y | T = 1,W,U ]� E[Y | T = 0,W,U ]] = �

<latexit sha1_base64="8wHEjXx9bhbrxOrwWayhWz3nk5g="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T
SCM:
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Bounds
No-Assumptions Bound
Monotone Treatment Response
Monotone Treatment Selection
Optimal Treatment Selection

Sensitivity Analysis
Linear Single Confounder
Towards More General Settings

Sensitivity Analysis: Towards More General Settings



Brady Neal / 48

Binary Treatment

45Sensitivity Analysis: Towards More General Settings



Brady Neal / 48

Binary Treatment

45

<latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

<latexit sha1_base64="GaCQweg2FtFb74Cd3rmFeXbcwn8="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T
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Rosenbaum & Rubin (1983) and Imbens (2003)

Binary Treatment

45

<latexit sha1_base64="2mDnz8YUnG1kBWtB9nKsMPMaveA="></latexit>

W U

T Y

<latexit sha1_base64="NBrqW75gJnWZuTZgPE4Oz3kAdVY="></latexit>

P (T = 1 | W,U) := sigmoid (↵wW + ↵uU)

Y := �wW + �uU + �T +N

where
<latexit sha1_base64="zSoSZLwk8CKCkiHoyKEiEx78wYA="></latexit>

sigmoid(x) =
1

1 + e�x

<latexit sha1_base64="GaCQweg2FtFb74Cd3rmFeXbcwn8="></latexit>

T := ↵wW + ↵uU

Y := �wW + �uU + �T

Sensitivity Analysis: Towards More General Settings

https://rss.onlinelibrary.wiley.com/doi/10.1111/j.2517-6161.1983.tb01242.x
https://scholar.harvard.edu/files/imbens/files/sensitivity_to_exogeneity_assumptions_in_program_evaluation.pdf
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Rosenbaum & Rubin (1983) and Imbens (2003)
• Simple parametric form for T
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Making Sense of  Sensitivity: Extending Omitted 
Variable Bias Cinelli & Hazlett (2020)
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Figure 4:

Imbens (2003)
and follow-ups
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Sense and Sensitivity Analysis Veitch & Zaveri (2020)
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Gives the same nice sensitivity curves we’ve been seeing, but with more 
flexible parameterization
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Gives the same nice sensitivity curves we’ve been seeing, but with more 
flexible parameterization
Both the treatment mechanism and the outcome mechanism can be 
modeled with arbitrary machine learning models, and we still get a 
closed-form expression for the bias (assuming well-specification)
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Lots of  Other Sensitivity Analysis Methods
• An Introduction to Sensitivity Analysis for Unobserved Confounding in 

Non-Experimental Prevention Research (Liu, Kuramoto, & Stuart., 2013)
• Rosenbaum has several (Rosenbaum 2002, 2010, 2017)
• Unmeasured Confounding for General Outcomes, Treatments, and 

Confounders (VanderWeele & Arah, 2011)
• Sensitivity Analysis Without Assumptions (Ding & VanderWeele, 2018)
• Flexible sensitivity analysis for observational studies without observable 

implications (Franks, D'Amour, & Feller, 2019)
• Bounds on the conditional and average treatment effect with unobserved 

confounding factors (Yadlowsky et al., 2018)
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