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<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

<latexit sha1_base64="dRKcYo4A4lEwHJrBAYMuOLPrWZA="></latexit>

E[Y | Z = 1]� E[Y | Z = 0]

= E[�T + ↵uU | Z = 1]� E[�T + ↵uU | Z = 0]

= � (E[T | Z = 1]� E[T | Z = 0]) + ↵u (E[U | Z = 1]� E[U | Z = 0])

= � (E[T | Z = 1]� E[T | Z = 0]) + ↵u (E[U ]� E[U ])

= � (E[T | Z = 1]� E[T | Z = 0])

<latexit sha1_base64="3cuWur6hLCfODW+HoFEKOFHnbPs="></latexit>

� =
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

(exclusion restriction and linear outcome assumptions)

(instrumental unconfoundedness assumption)

(non-zero due to relevance assumption)

<latexit sha1_base64="dRKcYo4A4lEwHJrBAYMuOLPrWZA="></latexit>

E[Y | Z = 1]� E[Y | Z = 0]

= E[�T + ↵uU | Z = 1]� E[�T + ↵uU | Z = 0]

= � (E[T | Z = 1]� E[T | Z = 0]) + ↵u (E[U | Z = 1]� E[U | Z = 0])

= � (E[T | Z = 1]� E[T | Z = 0]) + ↵u (E[U ]� E[U ])

= � (E[T | Z = 1]� E[T | Z = 0])

<latexit sha1_base64="dRKcYo4A4lEwHJrBAYMuOLPrWZA="></latexit>

E[Y | Z = 1]� E[Y | Z = 0]

= E[�T + ↵uU | Z = 1]� E[�T + ↵uU | Z = 0]

= � (E[T | Z = 1]� E[T | Z = 0]) + ↵u (E[U | Z = 1]� E[U | Z = 0])

= � (E[T | Z = 1]� E[T | Z = 0]) + ↵u (E[U ]� E[U ])

= � (E[T | Z = 1]� E[T | Z = 0])

<latexit sha1_base64="dRKcYo4A4lEwHJrBAYMuOLPrWZA="></latexit>

E[Y | Z = 1]� E[Y | Z = 0]

= E[�T + ↵uU | Z = 1]� E[�T + ↵uU | Z = 0]

= � (E[T | Z = 1]� E[T | Z = 0]) + ↵u (E[U | Z = 1]� E[U | Z = 0])

= � (E[T | Z = 1]� E[T | Z = 0]) + ↵u (E[U ]� E[U ])

= � (E[T | Z = 1]� E[T | Z = 0])

<latexit sha1_base64="dRKcYo4A4lEwHJrBAYMuOLPrWZA="></latexit>

E[Y | Z = 1]� E[Y | Z = 0]

= E[�T + ↵uU | Z = 1]� E[�T + ↵uU | Z = 0]

= � (E[T | Z = 1]� E[T | Z = 0]) + ↵u (E[U | Z = 1]� E[U | Z = 0])

= � (E[T | Z = 1]� E[T | Z = 0]) + ↵u (E[U ]� E[U ])

= � (E[T | Z = 1]� E[T | Z = 0])

Warm-Up: Linear Setting
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Multiplying Path Coefficients in Linear Setting

15

<latexit sha1_base64="NIoWxOqWvkAXO6A/wEjPiAFLHZo="></latexit>

U

T Y

Z

�

↵
z

<latexit sha1_base64="fyZ1p99ikpkndGU282pak6zlpWw="></latexit>

� =
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Warm-Up: Linear Setting
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Multiplying Path Coefficients in Linear Setting
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<latexit sha1_base64="NIoWxOqWvkAXO6A/wEjPiAFLHZo="></latexit>
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T Y
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�

↵
z

<latexit sha1_base64="fyZ1p99ikpkndGU282pak6zlpWw="></latexit>

� =
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Warm-Up: Linear Setting
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Multiplying Path Coefficients in Linear Setting
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<latexit sha1_base64="NIoWxOqWvkAXO6A/wEjPiAFLHZo="></latexit>
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Z

�

↵
z

<latexit sha1_base64="OdpuZrnfnZUoyBfY5qJFgjG/9yc="></latexit>

� =
↵z�

E[T | Z = 1]� E[T | Z = 0]

Warm-Up: Linear Setting
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<latexit sha1_base64="NIoWxOqWvkAXO6A/wEjPiAFLHZo="></latexit>
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↵
z

<latexit sha1_base64="OdpuZrnfnZUoyBfY5qJFgjG/9yc="></latexit>

� =
↵z�

E[T | Z = 1]� E[T | Z = 0]

Warm-Up: Linear Setting
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Multiplying Path Coefficients in Linear Setting
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<latexit sha1_base64="NIoWxOqWvkAXO6A/wEjPiAFLHZo="></latexit>
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�

↵
z

<latexit sha1_base64="OdpuZrnfnZUoyBfY5qJFgjG/9yc="></latexit>

� =
↵z�

E[T | Z = 1]� E[T | Z = 0]
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Multiplying Path Coefficients in Linear Setting

15

<latexit sha1_base64="NIoWxOqWvkAXO6A/wEjPiAFLHZo="></latexit>
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T Y

Z

�

↵
z

<latexit sha1_base64="8fxaAO836FB6EaO7JISLrsyoqlM="></latexit>

� =
↵z�

↵z

Warm-Up: Linear Setting
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Wald Estimator

16

<latexit sha1_base64="3cuWur6hLCfODW+HoFEKOFHnbPs="></latexit>

� =
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Wald estimand:

Warm-Up: Linear Setting



Brady Neal / 33

Wald Estimator

16

<latexit sha1_base64="3cuWur6hLCfODW+HoFEKOFHnbPs="></latexit>

� =
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="BCiNb02P+Gj7F9mYtsGPolA0Ja8="></latexit>

�̂ =
1
n1

P
i:zi=1 Yi � 1

n0

P
i:zi=0 Yi

1
n1

P
i:zi=1 Ti � 1

n0

P
i:zi=0 Ti

Wald estimand:

Wald estimator:

Warm-Up: Linear Setting
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Continuous Linear Setting

17

<latexit sha1_base64="HWMiX08wbFAVaft4aHfc0jXX83w="></latexit>

Y := �T + ↵uU

<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

<latexit sha1_base64="3cuWur6hLCfODW+HoFEKOFHnbPs="></latexit>

� =
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Warm-Up: Linear Setting
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Continuous Linear Setting

17

<latexit sha1_base64="HWMiX08wbFAVaft4aHfc0jXX83w="></latexit>

Y := �T + ↵uU

<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

<latexit sha1_base64="3cuWur6hLCfODW+HoFEKOFHnbPs="></latexit>

� =
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

What if  T and Z are continuous?

Warm-Up: Linear Setting
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Continuous Linear Setting

17

<latexit sha1_base64="HWMiX08wbFAVaft4aHfc0jXX83w="></latexit>

Y := �T + ↵uU

<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

<latexit sha1_base64="3cuWur6hLCfODW+HoFEKOFHnbPs="></latexit>

� =
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="+eCRfgBW3aclHm3N1hl5+O3MQK8="></latexit>

� =
Cov(Y, Z)

Cov(T, Z)

What if  T and Z are continuous?

Warm-Up: Linear Setting
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Continuous Linear Setting

17

<latexit sha1_base64="HWMiX08wbFAVaft4aHfc0jXX83w="></latexit>

Y := �T + ↵uU

<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

Warm-Up: Linear Setting
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Continuous Linear Setting

17

<latexit sha1_base64="HWMiX08wbFAVaft4aHfc0jXX83w="></latexit>

Y := �T + ↵uU

<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

Warm-Up: Linear Setting
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Continuous Linear Setting

17

<latexit sha1_base64="HWMiX08wbFAVaft4aHfc0jXX83w="></latexit>

Y := �T + ↵uU

<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Warm-Up: Linear Setting
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Continuous Linear Setting

17

<latexit sha1_base64="HWMiX08wbFAVaft4aHfc0jXX83w="></latexit>

Y := �T + ↵uU

<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Warm-Up: Linear Setting
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<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Continuous Linear Setting

17

<latexit sha1_base64="HWMiX08wbFAVaft4aHfc0jXX83w="></latexit>

Y := �T + ↵uU

<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

(exclusion restriction and linear outcome assumptions)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Warm-Up: Linear Setting
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<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Continuous Linear Setting

17

<latexit sha1_base64="HWMiX08wbFAVaft4aHfc0jXX83w="></latexit>

Y := �T + ↵uU

<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

(exclusion restriction and linear outcome assumptions)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Warm-Up: Linear Setting
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<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Continuous Linear Setting

17

<latexit sha1_base64="HWMiX08wbFAVaft4aHfc0jXX83w="></latexit>

Y := �T + ↵uU

<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

(exclusion restriction and linear outcome assumptions)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Warm-Up: Linear Setting
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<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Continuous Linear Setting
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<latexit sha1_base64="HWMiX08wbFAVaft4aHfc0jXX83w="></latexit>

Y := �T + ↵uU

<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

(exclusion restriction and linear outcome assumptions)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Warm-Up: Linear Setting
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<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Continuous Linear Setting

17

<latexit sha1_base64="HWMiX08wbFAVaft4aHfc0jXX83w="></latexit>

Y := �T + ↵uU

<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

(exclusion restriction and linear outcome assumptions)

(instrumental unconfoundedness assumption)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Warm-Up: Linear Setting
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<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Continuous Linear Setting

17

<latexit sha1_base64="HWMiX08wbFAVaft4aHfc0jXX83w="></latexit>

Y := �T + ↵uU

<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="+eCRfgBW3aclHm3N1hl5+O3MQK8="></latexit>

� =
Cov(Y, Z)

Cov(T, Z)

(exclusion restriction and linear outcome assumptions)

(instrumental unconfoundedness assumption)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Warm-Up: Linear Setting
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<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Continuous Linear Setting

17

<latexit sha1_base64="HWMiX08wbFAVaft4aHfc0jXX83w="></latexit>

Y := �T + ↵uU

<latexit sha1_base64="hm9P+ROKGa+XIlenBfnjjn0ePYA="></latexit>

U

T Y

Z

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="+eCRfgBW3aclHm3N1hl5+O3MQK8="></latexit>

� =
Cov(Y, Z)

Cov(T, Z)

(exclusion restriction and linear outcome assumptions)

(instrumental unconfoundedness assumption)

(non-zero due to relevance assumption)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

<latexit sha1_base64="BGCvaNfK+MP2Ge6hHXBQZJcFZPM="></latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E[(�T + ↵uU)Z]� E[�T + ↵uU ]E[Z]

= �E[TZ] + ↵uE[UZ]� �E[T ]E[Z]� ↵uE[U ]E[Z]

= � (E[TZ]� E[T ]E[Z]) + ↵u (E[UZ]� E[U ]E[Z])

= �Cov(T, Z) + ↵uCov(U,Z)

= �Cov(T, Z)

Warm-Up: Linear Setting
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Continuous Linear Setting: Estimator 1

18

<latexit sha1_base64="oEV3IjO/P2oPp2MoXoeqsf1CQ7s="></latexit>

� =
Cov(Y, Z)

Cov(T, Z)

Warm-Up: Linear Setting
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Continuous Linear Setting: Estimator 1

18

<latexit sha1_base64="1UfPzxDyErL8XNDr0YdqGu72nvA="></latexit>

�̂ =
dCov(Y, Z)
dCov(T, Z)

Warm-Up: Linear Setting



Brady Neal / 33

Two-Stage Least Squares Estimator

19

<latexit sha1_base64="uSnWmzenLZoB/622kgJqyZD0I1U="></latexit>

U

T Y

Z

Warm-Up: Linear Setting
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Two-Stage Least Squares Estimator
1. Linearly regress T on Z to estimate             . This gives us the 

projection of  T onto Z:

19

<latexit sha1_base64="qUoqhn44TXm2OMAEZLKEMQePRaE="></latexit>

E[T | Z]
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂

<latexit sha1_base64="uSnWmzenLZoB/622kgJqyZD0I1U="></latexit>

U

T Y

Z

Warm-Up: Linear Setting



Brady Neal / 33

Two-Stage Least Squares Estimator
1. Linearly regress T on Z to estimate             . This gives us the 

projection of  T onto Z:
2. Linearly regress Y on     to estimate              . Obtain our estimate    as 

the fitted coefficient in front of     .

19

<latexit sha1_base64="qUoqhn44TXm2OMAEZLKEMQePRaE="></latexit>

E[T | Z]
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂
<latexit sha1_base64="sKGswFhJDYMf/mqsKR1vFLuK4/4="></latexit>

E[Y | T̂ ]
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂
<latexit sha1_base64="VsSCPqNMkULYp0hGZrw3VuuIwzA="></latexit>

�̂
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂

<latexit sha1_base64="uSnWmzenLZoB/622kgJqyZD0I1U="></latexit>

U

T Y

Z

Warm-Up: Linear Setting
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Two-Stage Least Squares Estimator
1. Linearly regress T on Z to estimate             . This gives us the 

projection of  T onto Z:
2. Linearly regress Y on     to estimate              . Obtain our estimate    as 

the fitted coefficient in front of     .

19

<latexit sha1_base64="qUoqhn44TXm2OMAEZLKEMQePRaE="></latexit>

E[T | Z]
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂
<latexit sha1_base64="sKGswFhJDYMf/mqsKR1vFLuK4/4="></latexit>

E[Y | T̂ ]
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂
<latexit sha1_base64="VsSCPqNMkULYp0hGZrw3VuuIwzA="></latexit>

�̂
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂

<latexit sha1_base64="uSnWmzenLZoB/622kgJqyZD0I1U="></latexit>

U

T Y

Z

<latexit sha1_base64="7hJNLSbvPbbIVSt2QBaKnRXtOqY="></latexit>

T̂ = Ê[T | Z]

Warm-Up: Linear Setting
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Two-Stage Least Squares Estimator
1. Linearly regress T on Z to estimate             . This gives us the 

projection of  T onto Z:
2. Linearly regress Y on     to estimate              . Obtain our estimate    as 

the fitted coefficient in front of     .

19

<latexit sha1_base64="qUoqhn44TXm2OMAEZLKEMQePRaE="></latexit>

E[T | Z]
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂
<latexit sha1_base64="sKGswFhJDYMf/mqsKR1vFLuK4/4="></latexit>

E[Y | T̂ ]
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂
<latexit sha1_base64="VsSCPqNMkULYp0hGZrw3VuuIwzA="></latexit>

�̂
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂

<latexit sha1_base64="eC2b4dDBm4ppmiwPXP6gE0iIizc="></latexit>

U

T̂ Y

Z

<latexit sha1_base64="7hJNLSbvPbbIVSt2QBaKnRXtOqY="></latexit>

T̂ = Ê[T | Z]

Warm-Up: Linear Setting
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Two-Stage Least Squares Estimator
1. Linearly regress T on Z to estimate             . This gives us the 

projection of  T onto Z:
2. Linearly regress Y on     to estimate              . Obtain our estimate    as 

the fitted coefficient in front of     .

19

<latexit sha1_base64="qUoqhn44TXm2OMAEZLKEMQePRaE="></latexit>

E[T | Z]
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂
<latexit sha1_base64="sKGswFhJDYMf/mqsKR1vFLuK4/4="></latexit>

E[Y | T̂ ]
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂
<latexit sha1_base64="VsSCPqNMkULYp0hGZrw3VuuIwzA="></latexit>

�̂
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂

<latexit sha1_base64="eC2b4dDBm4ppmiwPXP6gE0iIizc="></latexit>

U

T̂ Y

Z

<latexit sha1_base64="7hJNLSbvPbbIVSt2QBaKnRXtOqY="></latexit>

T̂ = Ê[T | Z]

Warm-Up: Linear Setting



Brady Neal / 33

Two-Stage Least Squares Estimator
1. Linearly regress T on Z to estimate             . This gives us the 

projection of  T onto Z:
2. Linearly regress Y on     to estimate              . Obtain our estimate    as 

the fitted coefficient in front of     .

19

<latexit sha1_base64="qUoqhn44TXm2OMAEZLKEMQePRaE="></latexit>

E[T | Z]
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂
<latexit sha1_base64="sKGswFhJDYMf/mqsKR1vFLuK4/4="></latexit>

E[Y | T̂ ]
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂
<latexit sha1_base64="VsSCPqNMkULYp0hGZrw3VuuIwzA="></latexit>

�̂
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>

T̂

<latexit sha1_base64="7hJNLSbvPbbIVSt2QBaKnRXtOqY="></latexit>

T̂ = Ê[T | Z]

<latexit sha1_base64="MITRZaN0AvA2gq0L++sFNIgCr/E="></latexit>

U

T̂ Y

Z

Warm-Up: Linear Setting
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Two-Stage Least Squares Estimator
1. Linearly regress T on Z to estimate             . This gives us the 

projection of  T onto Z:
2. Linearly regress Y on     to estimate              . Obtain our estimate    as 

the fitted coefficient in front of     .

19

<latexit sha1_base64="qUoqhn44TXm2OMAEZLKEMQePRaE="></latexit>

E[T | Z]
<latexit sha1_base64="awFEcaFpPfD49FIWpreeA6aaLRo="></latexit>
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Linear Outcome Assumption as Homogeneity
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Linear Outcome Assumption as Homogeneity

There are other variants of  the linear outcome assumption that all require 
the treatment effect to be homogeneous (the same for all units) in some 
way (see, e.g., Section 16.3 of  Hernán & Robins (2020))
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Linear Outcome Assumption as Homogeneity

There are other variants of  the linear outcome assumption that all require 
the treatment effect to be homogeneous (the same for all units) in some 
way (see, e.g., Section 16.3 of  Hernán & Robins (2020))

Very restricting!
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Potential Outcomes Notation with Instruments
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Principal Strata
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• Compliers:
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•Defiers:
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+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

Nonparametric Identification of  Local ATE
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<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

(Compliers)
(Defiers)
(Always-takers)
(Never-takers)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

Nonparametric Identification of  Local ATE
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Deriving Local ATE Identification

28

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

(Compliers)
(Defiers)
(Always-takers)
(Never-takers)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

Nonparametric Identification of  Local ATE
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Deriving Local ATE Identification

28

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

(Compliers)
(Defiers)
(Always-takers)
(Never-takers)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

Nonparametric Identification of  Local ATE
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<latexit sha1_base64="6/C9JDS05OcmoeWaG0G3AfSB11c="></latexit>

E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

Deriving Local ATE Identification

28

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)
<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

(Compliers)
(Defiers)
(Always-takers)
(Never-takers)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

Nonparametric Identification of  Local ATE
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<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Deriving Local ATE Identification

28

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)
<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

(Compliers)
(Defiers)
(Always-takers)
(Never-takers)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

Nonparametric Identification of  Local ATE
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<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Deriving Local ATE Identification

28

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)
<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

(Compliers)
(Defiers)
(Always-takers)
(Never-takers)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

Local ATE (LATE) or Complier 
average causal effect (CACE):

Nonparametric Identification of  Local ATE
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<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Deriving Local ATE Identification

28

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)
<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

(Compliers)
(Defiers)
(Always-takers)
(Never-takers)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

Local ATE (LATE) or Complier 
average causal effect (CACE):

Nonparametric Identification of  Local ATE



Brady Neal / 33

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Deriving Local ATE Identification

28

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)
<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

(Compliers)
(Defiers)
(Always-takers)
(Never-takers)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA="></latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

Local ATE (LATE) or Complier 
average causal effect (CACE):

Nonparametric Identification of  Local ATE
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<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Deriving Local ATE Identification

28

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)
<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

(Compliers)
(Defiers)
(Always-takers)
(Never-takers)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA="></latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

Local ATE (LATE) or Complier 
average causal effect (CACE):

Nonparametric Identification of  Local ATE
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<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Deriving Local ATE Identification

28

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA="></latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

(Compliers)
(Defiers)
(Always-takers)
(Never-takers)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA="></latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

Local ATE (LATE) or Complier 
average causal effect (CACE):

Nonparametric Identification of  Local ATE
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<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Deriving Local ATE Identification

28

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA="></latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

(Compliers)
(Defiers)
(Always-takers)
(Never-takers)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA=">AAAVznicrVhbTxtHFB7cW0JvkIqnvmxDWoFkXJumSl+QIkGiqmokIhGgjRGy12tYsbfurqHEsvral/6C/rL+m37nm7F31157DYote8dnzvnOmXObGXcjz03SZvO/ldoHH3708ScPHq5++tnnX3y5tv7oOAkHse28sUMvjE+7ncTx3MB5k7qp55xGsdPxu55z0r3al/mTaydO3DA4Sm8j58zvXARu37U7KUjn6yv/tqOtdgqR1H </latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA="></latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

Local ATE (LATE) or Complier 
average causal effect (CACE):

Nonparametric Identification of  Local ATE



Brady Neal / 33

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Deriving Local ATE Identification

28

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA="></latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

(Compliers)
(Defiers)
(Always-takers)
(Never-takers)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA=">AAAVznicrVhbTxtHFB7cW0JvkIqnvmxDWoFkXJumSl+QIkGiqmokIhGgjRGy12tYsbfurqHEsvral/6C/rL+m37nm7F31157DYote8dnzvnOmXObGXcjz03SZvO/ldoHH3708ScPHq5++tnnX3y5tv7oOAkHse28sUMvjE+7ncTx3MB5k7qp55xGsdPxu55z0r3al/mTaydO3DA4Sm8j58zvXARu37U7KUjn6yv/tqOtdgqR1H </latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA=">AAAVznicrVhbTxtHFB7cW0JvkIqnvmxDWoFkXJumSl+QIkGiqmokIhGgjRGy12tYsbfurqHEsvral/6C/rL+m37nm7F31157DYote8dnzvnOmXObGXcjz03SZvO/ldoHH3708ScPHq5++tnnX3y5tv7oOAkHse28sUMvjE+7ncTx3MB5k7qp55xGsdPxu55z0r3al/mTaydO3DA4Sm8j58zvXARu37U7KUjn6yv/tqOtdgqR1H </latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA="></latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

Local ATE (LATE) or Complier 
average causal effect (CACE):

Nonparametric Identification of  Local ATE
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<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Deriving Local ATE Identification

28

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA="></latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

(Compliers)
(Defiers)
(Always-takers)
(Never-takers)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA=">AAAVznicrVhbTxtHFB7cW0JvkIqnvmxDWoFkXJumSl+QIkGiqmokIhGgjRGy12tYsbfurqHEsvral/6C/rL+m37nm7F31157DYote8dnzvnOmXObGXcjz03SZvO/ldoHH3708ScPHq5++tnnX3y5tv7oOAkHse28sUMvjE+7ncTx3MB5k7qp55xGsdPxu55z0r3al/mTaydO3DA4Sm8j58zvXARu37U7KUjn6yv/tqOtdgqR1H </latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA=">AAAVznicrVhbTxtHFB7cW0JvkIqnvmxDWoFkXJumSl+QIkGiqmokIhGgjRGy12tYsbfurqHEsvral/6C/rL+m37nm7F31157DYote8dnzvnOmXObGXcjz03SZvO/ldoHH3708ScPHq5++tnnX3y5tv7oOAkHse28sUMvjE+7ncTx3MB5k7qp55xGsdPxu55z0r3al/mTaydO3DA4Sm8j58zvXARu37U7KUjn6yv/tqOtdgqR1H </latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA=">AAAVznicrVhbTxtHFB7cW0JvkIqnvmxDWoFkXJumSl+QIkGiqmokIhGgjRGy12tYsbfurqHEsvral/6C/rL+m37nm7F31157DYote8dnzvnOmXObGXcjz03SZvO/ldoHH3708ScPHq5++tnnX3y5tv7oOAkHse28sUMvjE+7ncTx3MB5k7qp55xGsdPxu55z0r3al/mTaydO3DA4Sm8j58zvXARu37U7KUjn6yv/tqOtdgqR1H </latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA="></latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

Local ATE (LATE) or Complier 
average causal effect (CACE):

Nonparametric Identification of  Local ATE
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<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Deriving Local ATE Identification

28

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA="></latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Ll7TKa5O//2N2eH3L3ezgzOQweM="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y (Z = 1)� Y (Z = 0)]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

P (T (1) = 1, T (0) = 0)

=
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

(Compliers)
(Defiers)
(Always-takers)
(Never-takers)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

<latexit sha1_base64="Bng2qDf2uUOF27+TuP3gaxDy3tQ="></latexit>

E[Y (Z = 1)� Y (Z = 0)]

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 1]P (T (1) = 0, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 1]P (T (1) = 1, T (0) = 1)

+ E[Y (Z = 1)� Y (Z = 0) | T (1) = 0, T (0) = 0]P (T (1) = 0, T (0) = 0)

= E[Y (Z = 1)� Y (Z = 0) | T (1) = 1, T (0) = 0]P (T (1) = 1, T (0) = 0)

with Monotonicity Assumption

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA=">AAAVznicrVhbTxtHFB7cW0JvkIqnvmxDWoFkXJumSl+QIkGiqmokIhGgjRGy12tYsbfurqHEsvral/6C/rL+m37nm7F31157DYote8dnzvnOmXObGXcjz03SZvO/ldoHH3708ScPHq5++tnnX3y5tv7oOAkHse28sUMvjE+7ncTx3MB5k7qp55xGsdPxu55z0r3al/mTaydO3DA4Sm8j58zvXARu37U7KUjn6yv/tqOtdgqR1H </latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA=">AAAVznicrVhbTxtHFB7cW0JvkIqnvmxDWoFkXJumSl+QIkGiqmokIhGgjRGy12tYsbfurqHEsvral/6C/rL+m37nm7F31157DYote8dnzvnOmXObGXcjz03SZvO/ldoHH3708ScPHq5++tnnX3y5tv7oOAkHse28sUMvjE+7ncTx3MB5k7qp55xGsdPxu55z0r3al/mTaydO3DA4Sm8j58zvXARu37U7KUjn6yv/tqOtdgqR1H </latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA=">AAAVznicrVhbTxtHFB7cW0JvkIqnvmxDWoFkXJumSl+QIkGiqmokIhGgjRGy12tYsbfurqHEsvral/6C/rL+m37nm7F31157DYote8dnzvnOmXObGXcjz03SZvO/ldoHH3708ScPHq5++tnnX3y5tv7oOAkHse28sUMvjE+7ncTx3MB5k7qp55xGsdPxu55z0r3al/mTaydO3DA4Sm8j58zvXARu37U7KUjn6yv/tqOtdgqR1H </latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

<latexit sha1_base64="Bbr3Wp37P7BYg47sjFTGHhhGVGA="></latexit>

P (T (1) = 1, T (0) = 0) = 1� P (T = 0 | Z = 1)� P (T = 1 | Z = 0)

= 1� (1� P (T = 1 | Z = 1))� P (T = 1 | Z = 0)

= P (T = 1 | Z = 1)� P (T = 1 | Z = 0)

= E[T | Z = 1]� E[T | Z = 0]

Local ATE (LATE) or Complier 
average causal effect (CACE):

Nonparametric Identification of  Local ATE
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Nonparametric Identification of  LATE
Under Monotonicity Assumption

29

<latexit sha1_base64="6+dePFDORB6ijcHK8mqFYEDqM/k="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Local ATE (LATE) or complier average causal effect (CACE):

Nonparametric Identification of  Local ATE
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Nonparametric Identification of  LATE
Under Monotonicity Assumption

29

<latexit sha1_base64="6+dePFDORB6ijcHK8mqFYEDqM/k="></latexit>

E[Y (T = 1)� Y (T = 0) | T (1) = 1, T (0) = 0] =
E[Y | Z = 1]� E[Y | Z = 0]

E[T | Z = 1]� E[T | Z = 0]

Local ATE (LATE) or complier average causal effect (CACE):
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This is the Wald estimand!
Problems:
• Monotonicity isn’t always satisfied
• Even if  it is, we are usually interested in the average effect across the 

whole population (ATE), rather than just the compliers (CACE)
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